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CHAPTER 1

Circuit Elements and Laws

1.1 Voltage

Energy is required for the movement of charge from one point to another. Let W
Joules of energy be required to move positive charge Q columbs from a point a to
point b in a circuit. We say that a voltage exists between the two points. The voltage
V between two points may be defined in terms of energy that would be required if a
charge were transferred from one point to the other. Thus, there can be a voltage
between two points even if no charge is actually moving from one to the other.

Voltage between a and b is given by

w
v=_ Quc

Worked are (W) in Joules
Hence Electric Potential (V) =

Ch arg e (Q)in columbs

Current :

An electric current is the movement of electric charges along a definite path. In case

of a conductor the moving charges are electrons.

The unit of current is the ampere. The ampere is defined as that current which when

flowing in two infinitely long parallel conductors of negligible cross section, situated 1 meter
apart in Vacuum, produces between the conductors a force of 2 x 10”7 Newton per metre
length.

Power : Power is defined as the work done per unit time. If a field F newton acts for t

seconds through a distance d metres along a straight line, work done W = Fxd N.m. or J. The

power P, either generated or dissipated by the circuit element.

P=w =Fxd
t t



Power can also be written as Power =work/time

Voltage x Current P =V x | watt.

Energy : Electric energy W is defined as the Power Consumed in a given time. Hence, if
current 1A flows in an element over a time period t second, when a voltage V volts is applied

across it, the energy consumed is given by

W=Pxt=V x| xtJor watt. second.

The unit of energy W is Joule (J) or watt. second. However, in practice, the unit of

energy is kilowatt. hour (Kwh)

1.2 Resistance : According to Ohm's law potential difference (V) across the ends of a
conductor is proportional to the current (1) flowing through the conductor at a

constant temperature. Mathematically Ohm's law is expressed as

ValorV=RxI

Or R = —| where R is the proportionality constant and is designated as the conductor

resistance and has the unit of Ohm (Q).

Conductance : Voltage is induced in a stationary conductor when placed in a varying

magnetic field. The induced voltage (e) is proportional to the time rate of change of

current, di/dt producing the magnetic field.
|
Thereforee a gt

Ore=L d{dl



e and i are both function of time. The proportionality constant L is called inductance.

The Unit of inductance is Henery (H).

Capacitance : A capacitor is a Physical device, which when polarized by an electric field by

applying a suitable voltage across it, stores energy in the form of a charge separation.

The ability of the capacitor to store charge is measured in terms of capacitance.

Capacitence of a capacitor is defined as the charge stored per Volt applied.

13

14

q Coulomb

\Y; Volt

C= = Farad

Active and passive Branch :

A branch is said to be active when it contains one or more energy sources. A passive

branch does not contain an energy source.

Branch : A branch is an element of the network having only two terminals.

Bilateral and unilateral element :

A bilateral element conducts equally well in either direction. Resistors and inductors
are examples of bilateral elements. When the current voltage relations are different for
the two directions of current flow, the element is said to be unilateral. Diode is an

unilateral element.

Linear Elements : When the current and voltage relationship in an element can be

simulated by a linear equation either algebraic, differential or integral type, the

element is said to be linear element.

Non Linear Elements : When the current and voltage relationship in an element can

not be simulated by a linear equation, the element is said to be non linear elements.

Kirchhoff's Voltage Law (KVL) :

The algebraic sum of VVoltages (or voltage drops) in any closed path or loop is Zero.



Application of KVVL with series connected voltage source.

R,

Fig. 1.1

V1+V2—-IR1-1R2=0

=V1+V2 =I (R1+R2)
| = V + V2
1

Ri+R>

Application of KVVL while voltage sources are connected in opposite polarity.

V

R,
AM——+

VV_J_
T R,

MWV

Fig. 1.2

R,

V1-IR1-V2-IR2-1R3=0
V1i-V2=1IR1+ IR2+ IR3
Vi-V2=1(R1+IR2+IR3)



il = V1i-V2
Ri+R2 +R3

Kirchaoff's Current Law (KCL) :

The algebraic sum of currents meeting at a junction or mode is zero.

Fig. 1.3

Considering five conductors, carrying currents I1, I2, 13, 14 and Is meeting at a point O.
Assuming the incoming currents to be positive and outgoing currents negative.

1+ (-12) + 13+ (-la) +15=0
I1—12+13-14+15=0

I1+13+I5=I2+I4

Thus above Law can also be stated as the sum of currents flowing towards any
junction in an electric circuit is equal to the sum of the currents flowing away from
that junction.

Voltage Division (Series Circuit)

Considering a voltage source (E) with resistors R1 and R2 in series across it.
R,

MW

E + CD ; .

Fig. 1.4



Voltage drop across R1 = I. R1 = E.R1

Ri+R2
Similarly voltage drop across R2 = L.LR2 = E.Rs

R1+R>

Current Division :

A parallel circuit acts as a current divider as the current divides in all branches in a

parallel circuit.

Fig. 1.5

Fig. shown the current I has been divided into I1 and I2 in two parallel branches with

resistances R1 and R2 while V is the voltage drop across R1 and R2.

V V
I].:— and |2 -
R1 R>

Let R = Total resistance of the circuit.

Hence 1 == 1+ 1
R R, R:
?/4 R= R1R2



I=V = V =VR:+R)
E 12 RlRZ
Ri1+R>

But=V =11R1 = I2R2

3/4 RlR 2
R +R
1 2
¥l= 1y (Ri+ Rz)
R
I1 = IRz
Therefore
R1+R>

Similarly it can be derived that

|2 = IRl

Ri1+R2




CHAPTER 2

Magnetic Circuits :

Introduction : Magnetic flux lines always form closed loops. The closed path
followed by the flux lines is called a magnetic circuit. Thus, a magnetic circuit
provides a path for magnetic flux, just as an electric circuit provides a path for the
flow of electric current. In general, the term magnetic circuit applies to any closed
path in space, but in the analysis of electro-mechanical and electronic system this term
is specifically used for circuits containing a major portion of ferromagnetic materials.
The study of magnetic circuit concepts is essential in the design, analysis and
application of electromagnetic devices like transformers, rotating machines,

electromagnetic relays etc.

Magnetomotive Force (M.M.F) :

Flux is produced round any current — carrying coil. In order to produce the required
flux density, the coil should have the correct number of turns. The product of the

current and the number of turns is defined as the coil magneto motive force (m.m.f).

If 1 = Current through the coil (A)

N = Number of turns in the coil.

Magnetomotive force = Current x turns

SoMM.F=1XN

The unit of M.M.F. is ampere—turn (AT) but it is taken as Ampere(A) since N

has no dimensions.

Magnetic Field Intensity

Magnetic Field Intensity is defined as the magneto-motive force per unit length of the

magnetic flux path. Its symbol is H.



Magnetomotive force

Magnetic fi ity (H)=
gnetic field Intensity ¢+ Mean length of the magnetic path

FI.N .
H= |= —1T Am

Where | is the mean length of the magnetic circuit in meters. Magnetic field intensity is also
called magnetic field strength or magnetizing force.

Permeability :-

Every substance possesses a certain power of conducting magnetic lines
of force. For example, iron is better conductor for magnetic lines of force than
air (vaccum) . Permeability of a material (u) is its conducting power for
magnetic lines of force. It is the ratio of the flux density. (B) Produced in a

: . : B,
material to the magnetic filed strength (H) ie.y= /' H

Reluctance :

Reluctance (s) is akin to resistance (which limits the electric Current).
Flux in a magnetic circuit is limited by reluctance. Thus reluctance(s) is a
measure of the opposition offered by a magnetic circuit to the setting up of the
flux.
Reluctance is the ratio of magneto motive force to the flux. Thus

5= M

/
Its unit is ampere turns per webber (or AT/wb)
Permeance:-
The reciprocal of reluctance is called the permeance (symbol A).
Permeance (A) =1/S  wb/AT
Turn T has no unit.

Hence permeance is expressed in wh/A or Henerys(H).



Electric Field versus Magentic Field.

1)
2)

3)

a=1(

5)

6)

Similarities

Electric Field
Flow of Current (1)

Emf is the cause of

flow of current
Resistance offered

to the flow of
Current, is called
resistance (R)
Conductance

R
Current density is
amperes per square
meter.
Current (1) - EMFR
/

Dissi

1)
2)

3)

4)

5)

6)

milarities

Current actually flows in an

electric Circuit.

Energy is needed as long as

current flows

Magnetic Field

Flow of flux ()

MM is the cause of

flow of flux

Resistance offered to
the flow of flux, is

called reluctance (S)

1
Permitivity (u) = /S

Flux density is number
of lines per square

meter.

Flux (¢) = MMF

S

Flux does not actually flow in a

magnetic circuit.

Energy is initially needed to

create the magnetic
flux, but not



to maintain it.
Conductance is constant and Permeability (or magnetic
independent of current conductance )
strength at a particular depends on the total
temperature. flux for a particular
temperature.
B.H. Curve :

Place a piece of an unmagnetised iron bar AB within the field of a
solenoid to magnetise it. The field H produced by the solenoid, is called
magnetising field, whose value can be altered (increased or decreased) by
changing (increasing or decreasing) the current through the solenoid. If we
increase slowly the value of magnetic field (H) from zero to maximum value,
the value of flux density (B) varies along 1 to 2 as shown in the figure and the
magnetic materials (i.e iron bar) finally attains the maximum value of flux
density (Bm) at point 2 and thus becomes magnetically saturated.

Fig. 2.1
Now if value of H is decreased slowly (by decreasing the current in the

solenoid) the corresponding value of flux density (B) does not decreases along
2-1 but decreases some what less rapidly along 2 to 3. Consequently during the
reversal of magnetization, the value of B is not zero, but is '13" at H= 0. In other



wards, during the period of removal of magnetization force (H), the iron bar is

not completely demagnetized.

In order to demagnetise the iron bar completely, we have to supply the
demagnetisastion force (H) in the opposite direction (i.e. by reserving the
direction of current in the solenoid). The value of B is reduced to zero at point 4,
when H="14". This value of H required to clear off the residual magnetisation, is
known as coercive force i.e. the tenacity with which the material holds to its
magnetism.

If after obtaining zero value of magnetism, the value of H is made more
negative, the iron bar again reaches, finally a state of magnetic saturation at the
point 5, which represents negative saturation. Now if the value of H is increased
from negative saturation (= '45") to positive saturation ( = '12") a curve '5,6,7,2'
is obtained. The closed loop "2,3,4,5,6,7,2" thus represents one complete cycle
of magnetisation and is known as hysteresis loop.



NETWORK ANALYSIS
Different terms are defined below:

Circuit: A circuit is a closed conducting path through which an electric current either
flow or is intended flow

2. Network: A combination of various electric elements, connected in any manner.
Whatsoever, is called an electric network

Node: it is an equipotential point at which two or more circuit elements are joined.
Junction: it is that point of a network where three or more circuit elements are joined.
Branch: it is a part of a network which lies between junction points.

Loop: Itisa closed path in a circuit in which no element or node is accounted more than
once.

Mesh: It is a loop that contains no other loop within it.

Example 3.1 In this circuit configuration of figure 3.1, obtain the no. of i) circuit elements ii)
nodes iii) junction points iv) branches and v) meshes.

Rs

R1

R7

R3 Ro V2



Solution: 1) no. of circuit elements = 12 (9 resistors + 3 voltage sources)
no. of nodes =10 (a, b, ¢, d, e, f, g, h, k, p)
no. of junction points =3 (b, e, h)

no. of branches =5 (bcde, be, bh, befgh, bakh)

no. of meshes = 3 (abhk, bcde, befh)

3.2 MESH ANALYSIS

Mesh and nodal analysis are two basic important techniques used in finding solutions
for a network. The suitability of either mesh or nodal analysis to a particular problem
depends mainly on the number of voltage sources or current sources .If a network has a large
number of voltage sources, it is useful to use mesh analysis; as this analysis requires that all
the sources in a circuit be voltage sources. Therefore, if there are any current sources in a
circuit they are to be converted into equivalent voltage sources,if, on the other hand, the
network has more current sources,nodal analysis is more useful.

Mesh analysis is applicable only for planar networks. For non-planar circuits mesh
analysis is not applicable .A circuit is said to be planar, if it can be drawn on a plane surface
without crossovers. A non-planar circuit cannot be drawn on a plane surface without a
Crossover.

Figure 3.2 (a) is a planar circuit. Figure 3.2 (b) is a non-planar circuit and fig. 3.2 (c) is a
planar circuit which looks like a non-planar circuit. It has already been discussed that a loop
is a closed path. A mesh is defined as a loop which does not contain any other loops within it.
To apply mesh analysis, our first step is to check whether the circuit is planar or not and the
second is to select mesh currents. Finally, writing Kirchhoff*s voltage law equations in terms
of unknowns and solving them leads to the final solution.

W

(@) (b) ()
Figure 3.2

Observation of the Fig.3.2 indicates that there are two loops abefa,and bcdeb in the
network .Let us assume loop currents 11 and I2with directions as indicated in the figure.



Considering the loop abefa alone, we observe that current 11 is passing through R1, and (I1-
I2) is passing through R2. By applying Kirchhoff’s voltage law, we can write

Vs. =11R1+R2(l1-12) (3.1)
R1 R3
A/ 5 Rt AVAVAV, c
Vs R,
R4
ORI :
f e d
Figure 3.3

Similarly, if we consider the second mesh bcdeb, the current 12 is passing through R3

and Rs, and (I2 — 11) is passing through R2. By applying Kirchhoff’s voltage law around the
second mesh, we have

R2 (I2-11) + Ral2 +R4l2 =0 3.2)

By rearranging the above equations,the corresponding mesh current equations are
I1 (R1+R2) - 12R2 =Vs,

-11R2 +(R2+R3+R *) 12=0 33)

By solving the above equations, we can find the currents I1 and I2,.If we observe
Fig.3.3, the circuit consists of five branches and four nodes, including the reference node.The
number of mesh currents is equal to the number of mesh equations.

And the number of equations=branches-(nodes-1).in Fig.3.3, the required number of
mesh current would be 5-(4-1)=2.



In general we have B number of branches and N number of nodes including the
reference node than number of linearly independent mesh equations M=B-(N-1).

Example 3.2 Write the mesh —aYAVAYA
5Q 10Q2

current equations in the circuit shown 10V —— 2Q

50v

in fig 3.4 and determine the currents.

Figure 3.4

Solution: Assume two mesh currents in the direction as indicated in fig. 3.5. The mesh
current equations are

Q
— VWA
10Vl I2 100
- 2Q P ov
Figure 3.5
511 + 2(l1-12) = 10
1012 + 2(12-11) + 50=0 (3.4)

We can rearrange the above equations as
711-212=10
-211+1212 = -50 (3.5)

By solving the above equations, we have 11=0.25 A, and 12 = -4.125



Here the current in the second mesh 12, is negative; that is the actual current 12 flows opposite
to the assumed direction of current in the circuit of fig .3.5.

Example 3.3 Determine the mesh current I1 in the circuit shown in fig.3.6.

Figure 3.6

Solution: From the circuit, we can from the following three mesh equations

1011+5(11+12) +3(11-13) = 50 (3.6)
212 +5(12+11) +1(I2+13) = 10 3.7)
3(I3-11) +1(13+12) = -5 (3.8)

Rearranging the above equations we get

1811+512-313=50 (3.9)

511+8I2 + 13=10 (3.10)

=311 + I+ 413=-5 (3.11)

According to the Cramer’s rule



5 5 -3
10 8 1
1= — 51 4 =1175
18 5 -3 356
5 8 1
—31 4

Or 11=3.3 A Similarly,
18 50 -3
5 10 1

-3 -5 4 =-355
18 5 -3 356
5 8 1

lo=

-3 1 4
Or 12=-0.997A

18 5 50
5 8 10

= -3 1 -5 =525
18 5 -3 356

5 8 1
-3 1 4
Or I3=1.47A

11=3.3A, 12=-0.997A, 13=1.47A

(3.12)

(3.13)

3.3 MESH EQUATIONS BY INSPECTION METHODThe mesh equations for a general planar network can be written
by inspection without going through the detailed steps. Consider a three mesh networks as shown in figure 3.7

The loop equation are I11R1+ R2(11-12) =V1

R1 R3

I3 Rs

Figure 3.7



R2( 12-11)+12R3=-V2 3.14
R413+R513=V2 3.15

Reordering the above equations, we have

(R1+tR2)I1-R2l2=V1 3.16
-R2l1+(R2+R3)12=-V2 3.17
(R4+R5)13=V2 3.18

The general mesh equations for three mesh resistive network can be written as

R11l1 £ R1212 £ R1313=Va 3.19
+ Ro1l1+R2212 £ Razls= Vb 3.20
+ Ra1l1 + Raz2l2+Ras3ls= Ve 3.21

By comparing the equations 3.16, 3.17 and 3.18 with equations 3.19, 3.20 and 3.21
respectively, the following observations can be taken into account.

The self-resistance in each mesh

The mutual resistances between all pairs of meshes and

The algebraic sum of the voltages in each mesh.

The self-resistance of loop 1, R11=R1+R2, is the sum of the resistances through which I1
passes.

The mutual resistance of loop 1, R12=-R2, is the sum of the resistances common to loop
currents 11 and I2. If the directions of the currents passing through the common resistances are
the same, the mutual resistance will have a positive sign; and if the directions of the currents
passing through the common resistance are opposite then the mutual resistance will have a
negative sign.

Va=V1 is the voltage which drives the loop 1. Here the positive sign is used if
the direction of the currents is the same as the direction of the source. If the current
direction is opposite to the direction of the source, then the negative sign is used.

Similarly R22=R2+R3 and R33=R4+R5 are the self-resistances of loops 2 and 3
respectively. The mutual resistances R13=0, R21= -R2, R23=0, R31=0, R32=0 are the
sums of the resistances common to the mesh currents indicated in their subscripts.

Vp=-V2, Vc= V2 are the sum of the voltages driving their respective loops.



Example 3.4 write the mesh equation for the circuit shown in fig. 3.8

Figure 3.8

Solution : the general equation for three mesh equation are

Ri1l1 £ R1212 + R1313=Va (3.22)
+ Roili+R22l2 + Rasls=Vo (3.23)
Rail1 £ Ra2l2+Ra33ls=Ve (3.24)

Consider equation 3.22

R11=self resistance of loop 1=(1Q+ 3 Q +6 Q) =10 Q

R12= the mutual resistance common to loop 1 and loop 2 =-3Q

Here the negative sign indicates that the currents are in opposite direction
. R13= the mutual resistance common to loop 1 & 3= -6 Q
Va= +10V, the voltage the driving the loop 1.

Here he positive sign indicates the loop current 11 is in the same direction as the

source element.

Therefore equation 3.22 can be written as



10 I1- 312-613= 10 V (3.25)

Consider Eq. 3.23

R21= the mutual resistance common to loop 1 and loop 2 =-3 Q

R22= self resistance of loop 2=(3Q+2 Q +5 Q) =10 Q
R23=0, there is no common resistance between loop 2 and 3.

Vb = -5V, the voltage driving the loop 2.
Therefore Eq. 3.23 can be written as

=311 + 10l2= -5V (3.26)
Consider Eq. 3.24
R31= the mutual resistance common to loop 1 and loop 3 =-6 Q
R32= the mutual resistance common to loop 3 and loop 2 =0
R33= self resistance of loop 3=(6Q+ 4 Q) =10 Q
V= the algebraic sum of the voltage driving loop 3
=(5 V+20V)=25V (3.27)
Therefore, Eq3.24can be written as -611 + 1013= 25V
-611-312-613= 10V
-311+10I2=-5V
-611+1013=25V

3.4 SUPERMESH ANALYSIS

Suppose any of the branches in the network has a current source, then it is slightly difficult to
apply mesh analysis straight forward because first we should assume an unknown voltage
across the current source, writing mesh equation as before, and then relate the source current
to the assigned mesh currents. This is generally a difficult approach. On way to overcome this
difficulty is by applying the supermesh technique. Here we have to choose the kind of
supermesh. A supermesh is constituted by two adjacent loops that have a common current
source. As an example, consider the network shown in the figure 3.9.

AW

R2
I2 R3 I3
Vi1 R4

Figure 3.9



Here the current source | is in the common boundary for the two meshes 1 and 2. This current
source creates a supermesh, which is nothing but a combination of meshes 1 and 2.

R1l1 + R3(l2-13)=V
Or R1il1 + R312 - Ral3=V

Considering mesh 3, we have

R3(I3-12)+ R413=0

Finally the current | from current source is equal to the difference between two mesh currents
i.e.

11-12=1
we have thus formed three mesh equations which we can solve for the three unknown

currents in the network.

Example 3.5. Determine the current in the 5Q resistor in the network given in Fig. 3.10

E b I L e
I 10 Q I 520
>
] 2A f
50 v + L | & 10
>
Q- :
D B I3
5Q
d
Figure 3.10

Solution: - From the first mesh, i.e. abcda, we have
50 = 10(11-12) + 5(11-13)

Or 1511-1012 -513 =50 (3.28)

From the second and third meshes. we can form a super mesh
10(I2-12)+212 +13+5(13-11)=0

Or -1511+1212 +613 =0 (3.29)



The current source is equal to the difference between Il and 111 mesh currents

e I2-13=2A (3.30)
Solving 3.28.,3.29 and 3.30. we have

11 =19.99A,12= 17.33 A, and 13 = 15.33

A The current in the 5Q resistor =11 -13 =19.99

-15.33=4.66A
The current in the 5Q resistor is 4.66A.

Example 3.6. Write the mesh equations for the circuit shown in fig. 3.11 and determine the
currents, 11, 12 and I3,

10v
- U
h Cx
12 I3
10A 3Q ) 1Q
<« < 2Q
‘7
I 1 "
Figure 3.11

Solution ; In fig 3.11, the current source lies on the perimeter of the circuit, and the
first mesh is ignored. Kirchhoff*s voltage law is applied only for second and third meshes .

From the second mesh, we have
3(l2-11)+2(12-13)+10 =0

or -311 +512-2I3 = -10 (3.31)

From the third mesh, we have
I3+ 2 (I3-12) =10

Or -212+313 =10 (3.32)



From the first mesh, 11 =10A (3.33)

From the abovethree equations, we get

11=10A, I2 =7.27, I3 =8.18A

3.5 NODALANALYSIS

In the chapter | we discussed simple circuits containing only two nodes, including the
reference node. In general, in a N node circuit, one of the nodes is chosen as the reference or datum
node, then it is possible to write N -1nodal equations by assuming N-1 node voltages. For
example,al0 node circuit requires nine unknown voltages and nine equations. Each node in a circuit
can be assigned a number or a letter. The node voltage is the voltage of a given node with respect to
one particular node, called the reference node, which we assume at zero potential. In the circuit shown
in fig. 3.12, node 3 is assumed as the Reference node. The voltage at node 1 is the voltage at that node
with respect to node 3. Similarly, the voltage at node 2 is the voltage at that node with respect to node
3. Applying Kirchhoff’s current law at node 1, the current entering is the current leaving (See
Fig.3.13)

1 2
R2 R4
R1 R3 Rs5
4
I1 (D
3 Figure 3.12
R2
1
= ="VVVW*
Figure 3.13

I1=V1/R1 + (V1-V2)/R2



Where V1 and V2 are the voltages at node 1 and 2, respectively. Similarly, at node

2.the current entering is equal to the current leaving as shown in fig. 3.14

R2 R4

—»

e
R3 5
E E Figure 3.14

(V2-V1)/R2 + V2/R3 + V2/(R4+R5) =0
Rearranging the above equations, we have
V1[1/R1+1/R2]-V2(1/R2)= 11

-V1(1/R2) + V2[1/R2+1/R3+1/(R4+R5)]=0

From the above equations we can find the voltages at each node.

Example 3.7 Determine the voltages at each node for the circuit shown in fig 3.15

5Q S5A 1Q 6Q2

7 7Y e

Solution : At node 1, assuming that all currents are leaving, we have

(V1-10)/10 + (V1-V2)/3 +V1/5 + (V1-V2)/3 =0
Or V1[1/10 +1/3+1/5+1/3]-V2[1/3+1/3]=1

0.96V1-0.66V2 =1 (3.36)
At node 2, assuming that all currents are leaving except the current from current source, we
have

(V2-V1)/3+ (V2-V1)/3+ (V2-V3)[2 =5
-V1[2/3]+V2[1/3 +1/3 + 1/2]-V3(1/2) =5
-0.66V1+1.16V2-0.5V3=5 (3.37)



At node 3 assuming all currents are leaving, we
have (V3-V2)/2 + V3/1 + V3/6 =0
-0.5V2 + 1.66V3=0

Applying Cramer’s rule we get

1 -066 O
5 116 -05
Vi= 0 -05 166 =7.154 =8.06

096 -066 O 0.887
-066 116 -05

0 -05 166
Similarly,
0.96 1 0
—-066 5 -05
0 0 166 _ 9.06
Vo= =10.2
0.96 -0.66 0 0887
116 -05
—0.66
0 -05 166
096 -066 1
-066 116 5
V3= 0 -05 0 =273 =307

096 -066 O 0.887
-066 116 -05

0 -05 166

(3.38)

3.6 NODAL EQUATIONS BY INSPECTION METHOD The nodal equations for a general planar network can also be written by
inspection without going through the detailed steps. Consider a three node resistive network, including the reference node, as shown in fig

3.16

R1 R3

Rs

Figure 3.16

V2



In fig. 3.16 the points a and b are the actual nodes and c is the reference node.

Now consider the nodes a and b separately as shown in fig 3.17(a) and (b)

R1 Va R3 R3Vh Rs
Vb
<4+ Is—13>
V1 lRZ
(@) (b)

— Figure 3.17 —

In fig 3.17 (a), according to Kirchhoff’s current law we have

I1+12+13=0

(Va-V1)/R1 +Va/R2+ (Va-Vb)/R3= 0 (3.39)
In fig 3.17 (b) , if we apply Kirchhoff’s current law

lg+ Is5= 13

~«(Vb-Va)/R3 + Vb/Ra+(Vb-V2)/R5=0 (3.40)
Rearranging the above equations we get

(1/R1+1/R2+1/R3)Va-(1/R3)Vb=(1/R1)V1 (341)
(-1/R3)Va+ (1/R3+1/Ra+1/R5)Vb=V2/Rs5 (342)

In general, the above equation can be written as
GaaVa + GabVb=I1 (343)

GbaVa + GpbVb=I2 (3.44)

By comparing Eqgs 3.41,3.42 and Eqgs 3.43, 3.44 we have the self conductance at node
a, Gaa=(1/R1 + 1/R2 + 1/R3) is the sum of the conductances connected to node a. Similarly,
Gbb = (1/R3 + 1/R4 +1/R5) is the sum of the conductances connected to node b. Gab=(- 1/R3)
is the sum of the mutual conductances connected to node a and node b. Here all the mutual
conductances have negative signs. Similarly, Gpa= (-1/R3) is also a mutual conductance
connected between nodes b and a. 11 and I2 are the sum of the source currents at node a and
node b, respectively. The current which drives into the node has positive sign, while the
current that drives away from the node has negative sign.



Example 3.8 for the circuit shown in the figure 3.18 write the node equations by the
inspection method.

a b
Q 2
5Q 4Q
10V 2Q
2V oV =]
Fig 3.18

Solution:-

The general equations are

GaaVat+GabVb=I1 (3.45)
GbaVa + GbhbVp=I2 (3.46)

Consider equation 3.45

Gaa=(1+ 1/2 +1/3) mho. The self conductance at node a is the sum of the
conductances connected to node a.

Gbb = (1/6 + 1/5 + 1/3) mho the self conductance at node b is the sum of
conductances connected to node b.

Gab =-(1/3) mho, the mutual conductances between nodes a and b is the sum of the
conductances connected between node a and b.

Similarly Gpa = -(1/3), the sum of the mutual conductances between nodes b and

a. 11=10/1 =10 A, the source current at node a,



12=(2/5 + 5/6) = 1.23A, the source current at node b.
Therefore, the nodal equations are

1.83V3a-0.33Vp=10 (3.47)

-0.33Va+0.7Vb= 1.23 (3.48)

3.7 SUPERNODE ANALYSIS

Suppose any of the branches in the network has a voltage source, then it is slightly difficult to
apply nodal analysis. One way to overcome this difficulty is to apply the supernode
technique. In this method, the two adjacent nodes that are connected by a voltage source are
reduced to a single node and then the equations are formed by applying Kirchhoff’s current
law as usual. This is explained with the help of fig. 3.19

V1 V2 T V3
1 /\/\/\/\ 2 (3
N4
R2 VX
| GD R1 R3 Ra Rs
Vy
il
FIG 3.19

It is clear from the fig.3.19, that node 4 is the reference node. Applying Kirchhoft’s
current law at node 1, we get

I=(V1/R1) + (V1-V2)/R2

Due to the presence of voltage source Vy in between nodes 2 and 3, it is slightly
difficult to find out the current. The supernode technique can be conveniently applied in this

case.

Accordingly, we can write the combined equation for nodes 2 and 3 as under.



(V2-V1)/R2 + V2/R3 + (V3-Vy)/R4 +V3/R5= 0

The other equation is
V2-V3 =Vx

From the above three equations, we can find the three unknown voltages.

Example 3.9 Determine the current in the 5 Q resistor for the circuit shown in fig.

3.20
2Q
V1 V2 s V3
20 \'/
1Q 5Q 2Q
(10 A3Q
10V fig. 3.20
Solution. At node 1
10=V1/3 + (V1-V2)/2
Or  vi[1/3 +1/2]-(V2/2)-10=0
0.83V1-0.5V2-10 =0 (3.49)

At node 2 and 3, the supernode equation is
(V2-V1)/2 + V2/1 + (V3-10)/5 +V3/2 =0

Or  _v1/2 +Vo[(1/2)+1]+ V3[1/5 + 1/2]=2
Or  .0.5Vi+ 1.5V2+0.7V3-2=0 (2.50)

The voltage between nodes 2 and 3 is given by

V2-V3=20 (3.51)



The current in 5Q resistor Is =(V3-10)/5

Solving equation 3.49, 3.50 and 3.51, we obtain
V3=-842V

Currents I15=(-8.42-10)/5 = -3.68 A (current towards node 3) i.e the current

flows towards node 3.

3.8 SOURCE TRANSFORMATION TECHNIQUE

In solving networks to find solutions one may have to deal with energy sources. It has
already been discussed in chapter 1 that basically, energy sources are either voltage sources
or current sources. Sometimes it is necessary to convert a voltage source to a current source
or vice-versa. Any practical voltage source consists of an ideal voltage source in series with
an internal resistance. Similarly, a practical current source consists of an ideal current source

in parallel with an internal resistance as shown in figure3.21. Ry and Rj represent the internal
resistances of the voltage source Vs, and current source Is respectively.

Rv

— VAV a

Vs C5 Is R1

b fig.3.21 b

Any source, be it a current source or a voltage source, drives current through its load
resistance, and the magnitude of the current depends on the value of the load resistance. Fig
3.22 represents a practical voltage source and a practical current source connected to the same

load resistance RL.

Rv



' —tr
Vs I RLIs l R1 RL
A A
<
€3
b b
@ < (b)
Figurp 322

From fig 3.22 (a) the load voltage can be calculated by using Kirchhoff’s voltage law as
Vab=Vs-ILRv

The open circuit voltage Voc=Vs

The short circuit current lse= S

Ry
from fig 3.22 (b)
IL=ls-1=1s-(Vab/R1)
The open circuit voltage Voc= IsR1

The short circuit current lsc=ls

The above two sources are said to be equal, if they produce equal amounts of current
and voltage when they are connected to identical load resistances. Therefore, by equating the
open circuit votages and short circuit currents of the above two sources we obtain

Voc=IsR1=Vs

Isc=1s=Vs/Ry
It follows that
R1=Rv=Rs; Vs=IsRs

where Rs is the internal resistance of the voltage or current source. Therefore, any
practical voltage source, having an ideal voltage Vs and internal series resistance Rs can be
replaced by a current source 1s=Vs/Rs in parallel with an internal resistance Rs. The reverse



tansformation is also possible. Thus, a practical current source in parallel with an internal
resistance Rs can be replaced by a voltage source Vs=IsRs in series with an internal resistance
Rs.

Example 3.10 Determine the equivalent voltage source for the current source shown in fig
3.23

SA 5Q

Figure 3.23

Solution: The voltage across terminals A and B is equal to 25 V. since the internal resistance
for the current source is 5 Q, the internal resistance of the voltage source is also 5 Q. The
equivalent voltage source is shown in fig. 3.24.

5Q

25V

Fig 3.24

Example 3.11 Determine the equivalent current source for the voltage source shown in fig. 3.25

S0V




Solution : the short circuit current at terminals A and B is equal to

I=50/30=1.66 A

1.66 A

30Q

T

Fig 3.26

Since the internal resistance for the voltage source is 30Q, the internal resistance

of the current source is also 30 Q. The equivalent current source is shown in fig. 3.26.



NETWORK THEOREMS

Before start the theorem we should know the basic terms of the network.
Circuit: It is the combination of electrical elements through which current
passes is called circuit.
Network: It is the combination of circuits and elements is called network.
Unilateral :It is the circuit whose parameter and characteristics change with
change in the direction of the supply application.
Bilateral: It is the circuit whose parameter and characteristics do not
change with the supply in either side of the network.
Node: It is the inter connection point of two or more than two elements is
called node.
Branch: It is the interconnection point of three or more than three elements is
called branch.
Loop: It is a complete closed path in a circuit and no element or node is taken
more than once.
Super-Position Theorem :
Statement :" It states that in a network of linear resistances containing more than
one source the current which flows at any point is the sum of all the currents
which would flow at that point if each source were considered separately and all
other sources replaced for time being leaving its internal resistances if any".

R, Rs
WW MWW
E3......_
T R, T r
Explanation :

Considering E1 source
R1

Step 1.
R2&r are in series and parallel with R3 and again series with R1



(Ra:\trzﬁ) |J,I%%?
= = m(say)
R+, +R3
Rti=m+R1+n
I =E
Rty
1, = 11xR3

R +1n+R3

I= 12 2
3 Ry+r,+Rg
Step—2
Considering E2 source,R1&r2 are series and R3 parallel and R2 in series

(R1+r1) || R3
= Re+r)R; =N (say) R,

I
+r +
Rt2=n+R2+n ' il;

I :Eg_ f R;
2

ly = Iy (R+11)
Ri+ri +Rs3

Il = 1xRs
Ri+r +R3

Step—3
Current in R1 branch =1, - 1/

CurrentinR branch=1-1'
2 2 2

The direction of the branch current will be in the direction of the greater value
current.

Thevenin’s Theorem :

The current flowing through the load resistance R1 connected across any two
terminals A andVB of a linear active bilateral network is given by
IL = th - oc

Rn+R. Ri+R_

Where Vth = Voc is the open. circuit voltage across A and B terminal when RL
IS removed.

Ri =Rtn is the internal resistances of the network as viewed back into the open

circuit network from terminals A & B with all sources replaced by their internal
resistances if any.




Explanation :

Step — 1 for finding Voc
Remove RL temporarily to find Voc.

R,
—'Wv
E-— I
oy o R, l;c
| = E
R+R+r
1
Voe = IR2

Step — 2 finding Rth
Remove all the sources leaving their internal resistances if any and viewed from

open circuit side to find out Rj or Rth.

R,
A

T R) %

- B

Ri=(Ri+T1) Rz
(R +1r)Bi -,

Ri+r+R,

Step—3

Connect internal resistances and Thevenin’s voltage in series with load
resistance RL.



Where Rth=thevenin resistance

Vth=thevenin voltage
Ith=thevenin current
Ri= (Rl\“/“ r || |32 vV

IL = th - oc

R R Ri + R

th L

Example 01- Applying thevenin theorem find the following from given figure

the Current in the load resistance R of 15 Q
3Q A

AAAA
wyy v

e

Solution : (i) Finding Voc
Remove 15Q resistance and find the Voltage across A and B

2 A

vy

[
-~
<
|
I
AAAA

Voc is the voltage across 12 Q resister
Voc = 24x12 =1av

12+3+1

(i)  Finding Rth

Rth is calculated from the terminal A & B into the network.
The 1 Q resister and 3 Q in are series and then parallel

Rth=3+1//12

AAAA

120 3120

4 ><12:3Q




(iii) th== Voo = 18 =1 A
R.+R 1543

Example 02: Determine the current in 1€ resistor across AB of the

network shown in fig(a) using thevenin theorem. Solution:The circuirt can

be redrawn as in fig (b).

B

A 2—

L . fig (a),(b),(c),(d) respectively

Step-1 remove the 1Q resistor and keeping open circuit . The current source is
converted to the equivalent voltage source as shown in fig ()

Step-02 for finding the Vth we'll apply KVL law in fig (c)

then 3-(3+2)x-1=0

x=0.4A

Vth=VaB =3-3*0.4=1.8V

Step03-for finding the Rth,all sources are set be zero
Rth=2//3=(2*3)/(2+3)=1.2Q

Step04- Then current 1th=1.8/(12.1+1)=0.82A



Example03: The four arms of a wheatstone bridge have the following
resistances .

AB=100Q,BC=10Q,CD=4Q,DA=50Q2.AA galvanometer of 20Q
resistance is connected across BD. Use thevenin theorem to compute the current
through the galvanometer when the potential differencelOV is maintained
across AC.

Solution:
o
\h“‘rt—{/ " 75
- L =
\‘xx 'W' \ ~
o 7\
| Bp. - \
' N /S‘L' N ‘.
| %
\ l
| s
=
C
[
e N
™ o~/ \_1' - A
p — o 0- - &b\
. .z\ ’) \ '& —
’ o N mA tT I
/ VW~ - ¥ f‘\__ - ,’— 2 \
AN A | 5 / ad vL
"‘2. T _r( \ 'rg s E{\ : \{ . o 1 {
zc::!zh | S | \ r‘l el QR‘Z P'sxu‘ 7
@ oy \/.
l s . Yo
L o S l
=t \ )

step 01- Galvanometer is removed.

step02-finding the Vih between B&D.ABC is a potential divider on which a
voltage drop of 10vtakes place.
Potential of B w.r.t

C=10*10/110=0.909V Potential of D
w.r.t C=10*4/54=.741V then,
p.d between B&D is Vth=0.909-

.741=0.168V Step03-finding Rth
remove all sources to zero keeping their internal resistances.



Rth =RBD=10//100+50//4=12.79Q
Step04;
lastly Ith=Vih/Rth+RL=0.168/(12.79+20)=5mA

Norton's Theorem

Statement : In any two terminal active network containing voltage sources and
resistances when viewed from its output terminals in equivalent to a constant
current source and a parallel resistance. The constant current source is equal to
the current which would flow in a short circuit placed across the terminals and
parallel resistance is the resistance of the network when viewed from the open
circuit side after replacing their internal resistances and removing all the
sources.

OR
In any two terminal active network the current flowing through the load

resistance RL is given by

_ |Sc xR,

_Ri x R.
Where R;j is the internal resistance of the network as viewed from the open ckt
side A & B with all sources being replaced by leaving their internal resistances
if any.

Isc is the short ckt current between the two terminals of the load

resistance when it is shorted

Explanation :
QRM A A

E e

B

Step-—-1
A &B are shorted by a thick copper wire to find out Isc
lee = E /(Ry + 1)



R W Isc

B

Isc = E/ (R1 +r)

Step—2
Remove all the source leaving its internal resistance if any and viewed from
open circuit side A and B into the network to find R; .

JM _A

R1

T R, %

Ri=(Ri+1|R
Ri= (R1 + r)Rz /(Rl +r+ Rz)

e (T) gR §RL

Step—3

Connect Isc & Rj in parallel with RL

I xR,
_Ri :-CRL |
Example 01:Using norton's theorem find the current that would flow through
the resistor R2 whenit takes the values of 12Q,24Q&36Q respectively in the fig
shown below.
Solution:



Step 01-remove the load resistance by making short circuit. now terminal AB
short circuited.
Step 02-Finding the short circuit current Isc
First the current due to E1 is =120/40=3A,and due to E2 is 180/60=3A.
then lsc=3+3=6A
Step 03-finding resistance RN
It is calculated by by open circuit the load resistance and viewed from open
circuit and into the network and all sources are taken zero.
RN=40//60=(40%60)/(40+60)=24Q
when RL=12Q, 1L.=6*24/(24+36)=4A
when RL=24Q.1L.=6/2=3A
when RL=36Q,IL=6*24/(24+36)=2.4A

Maximum PowerTransfer Theorem

Statement : A resistive load will abstract maximum power from a network
when the load resistance is equal to the resistance of the network as viewed
from the output terminals(Open circuit) with all sources removed leaving their
internal resistances if any

Proof : "
I = - th I
L Ri + RL R
Power delivered to the load
resistance is given by Rt
PL:IZF\Z L v
Vth 2 t 5

= R+R R

L




Vin ° RL

(Ri +RL )
Power delivered to the load resistance RL will be maximum
When dP_. =0
dR.
> d W% RL =0
drR (R +R)
v (R+R) V2R x2(R+R) =0

(R.+R i
R +R )*- ZR ><2(R +R )—
(R+R)—2\h/ R(R+R) 0
(R +RL)2—2Vh RL(R +R )

Ri + R =2R,
Ri=2R. - R,
Ri = RL
Vi’
(P.)max= R +R)Y N
V ) i L
i 4I5h? 2LR
=V 2 x R
® .
(PL) max V2
L
MILLIMAN’S THEOREM :

According to Millimans Theorem number of sources can be converted
into a single source with a internal resistance connected in series to it,if the
sources are in parallel connection.

According to the Milliman’s theorem the equivalent voltage source

Ex1+E x1 +Ex 1+..
1R 2 R 3 R

E= 1 2

1
R
3

N;U||—‘
+

1
R
1




E1G1 +E2Go +E3G3 +—
G1 EGZ +G3 +...

rRAR&R =
= 1 2 3

G +Gy +G3 +....
It G ——
+G, +G3 +...
Example — Calculate the current across 5Q resistor by using Milliman’s Thm.

Only

A
20 R, R
db ib
R, 30 2R
E, == 6v e e
T B
Solution :- Given,
R1=2Q, R=6Q : Rs=4Q, R1=5Q
E1= 6v, E2 =12v
the resistance R2 is not calculated because there is no voltage source
E4DtE
Vo=g= K. R* R
1+ 1+ 1.
R RZ R
1 3
6+0+1
=2 4
1+1+1,
2 6 4
=3+0+3 =6x2 =6.54v
6+2+3 11
12
R= 1 =1 =12 =1.092 1.09Q
o1+ 1 +41 11 11
R R R 12
IL= Voc = 6.54 =1.07Amp. Ve

1.09+5 1.09+5
COMPENSATION THEOREM :

Statement :
It’s states that in a circuit any resistance ‘R” in a branch of network in

which a current ‘I’ is flowing can be replaced. For the purposes of calculations
by a voltage source = - IR

OR



If the resistance of any branch of network is changed from R to R +4R
where the current flowing originaly is i. The change current at any other place
in the network may be calculated by assuming that one e.m.f — I A R has been
injected into the modified branch. While all other sources have their e.m.f.
suppressed and ‘R’ represented by their internal resistances only.

RIS i 2.5A i3 -2.5A
= 75v R, 2200 R3; =200
Exp — (01)

Calculate the values of new currents in the network illustrated , when the
resistor R3 is increased by 30%.

Solution :- In the given circuit , the values of various branch currents are
l1 = 75/(5+10) = 5A

I =1 :5x20=2.5Amp. /“}}E: .

3 2 40 o ‘5‘;2": ] is
Now the value of R3, when it increase 30% s R
R = 20 + (20x0.3) = 26Q R, FOO T 260
IR=26-20=6Q = :
= —IAR ‘:I_‘_— 15V
—2.5%x 6
-15V
51200 = 57+ 2090 = 10055 =

4015 = 4 426 = 2230 = 0.5amp

=0.5%x5=
I 1
, OG5 0.1Amp
=0.5%x20 =
I 1
. 25 0.4Amp

I,"=5 - 0.4 = 4.6Amp

I,"= 0.1+ 2.5 = 2.6Amp
I"=2.5-0.5=2Amp
RECIPROCITY THEOREM :
Statement :




It states that in any bilateral network, if a source of e.m.f ‘E’ in any
branch produces a current ‘I’ any other branch. Then the same e.m.f ‘E’ acting

in the second branch would produce the same current ‘I’ in the 1%t branch.

Step — 1 First ammeter B reads the current in this branch due to the 36v source,
the current is given by

4, %12
412=—16 = =3Q
36 wyy oyy
= 7 9=4Amp _ 1Q
= 4x12 =48=3Amp oDV $
e i F 120
12+3+1 16
IB =current through 1 Q resister 40 B
Step — (11) Then interchanging the sources
and measuri hqgurrent 79
6Q [|12Q = 6%‘ —==40
—+ 12 18 20 30
= 4+3+1=8Q)
s 10
B _I_ 36V
I = 36 = 4.5Amp, |a = 4.5%12 = 3Amp Transfer resistance = V =36 =12Q.
8 6+2 1T 3

COUPLED CIRCUITS
It is defined as the interconnected loops of an electric network through
the magnetic circuit.
There are two types of induced emf.
Statically Induced emf.
Dynamically Induced emf. Faraday’s
Laws of Electro-Magnetic :
Introduction — First Law :—
Whenever the magnetic flux linked with a circuit changes, an emf is induced in
it.



OR
Whenever a conductor cuts magnetic flux an emf is induced in it.
Second Law :—
It states that the magnitude of induced emf is equal to the rate of change of flux
linkages.
OR
The emf induced is directly proportional to the rate of change of flux and
number of turns
Mathematically :

e oc do
dt
eoc N
Or e =-N d¢
dt
Where e = induced emf
N = No. of turns
@ = flux

‘- ve’ sign is due to Lenz’s Law
Inductance :—

It is defined as the property of the substance which opposes any change in

Current & flux.
Unit:—  Henry
Fleming’s Right Hand Rule:—

It states that “hold your right hand with fore-finger, middle finger and
thumb at right angles to each other. If the fore-finger represents the direction of
field, thumb represents the direction of motion of the conductor, then the middle
finger represents the direction of induced emf.”

Lenz’s Law . —

It states that electromagnetically induced current always flows in such a
direction that the action of magnetic field set up by it tends to oppose the vary
cause which produces it.

OR

It states that the direction of the induced current (emf) is such that it
opposes the change of magnetic flux.
Dynamically Induced emf :—



o

N

In this case the field is stationary and the conductors are rotating in an

uniform magnetic field at flux density ‘B” Whb/mt® and the conductor is lying
perpendicular to the magnetic field. Let ‘I’ is the length of the conductor and it
moves a distance of ‘dx’ nt in time ‘dt’ second.

The area swept by the conductor = I.
dx Hence the flux cut = ldx. B

Change in flux in time ‘dt’ second = Mdt

E =Blv

Where vV = %dt

If the conductor is making an angle ‘8’ with the magnetic field, then
= Blvsin@
Statically Induced emf :—

Here the conductors are remain in stationary and flux linked with it
changes by increasing or decreasing.

It is divided into two types .
Self-induced emf.
Mutually-induced emf.
Self-induced emf : — It is defined as the emf induced in a coil due to the

changeL of its own flux linked with the coil.

T

V

If current through the coil is changed then the flux linked with its own
turn will also change which will produce an emf is called self-induced emf.

Self-Inductance :—



It is defined as the property of the coil due to which it opposes any
change (increase or decrease) of current or flux through it.

Co-efficient of Self-Inductance (L) :—
It is defined as the ratio of weber turns per ampere of current in the coil.
OR
It is the ratio of flux linked per ampere of current in the coil
1st Method for ‘L’ :—

N

Where L = Co-efficient of self-induction
N = Number of turns
= flux
| = Current

2nd Method for L :—
We know that

N
=LI=N¢g

~ —LI=-Ng

—~ _L m: _N_d(p

dt dt

~_ di__ do

dt

dl
dt

Where L = Inductance

eL = —N—ddt¢ is known as self-induced emf.

When mdt =lamp/ sec.

e =1 volt
L =1 Henry



A coil is said to be a self-inductance of 1 Henry if 1 volt is induced in it.
When the current through it changes at the rate of 1 amp/ sec.

3rd Method for L :—
M=M_ANS, "~

= o I
Where A = Area of x-section of the coil

N = Number of turns

L = Length of the coil
Mutually Induced emf :—

It is defined as the emf induced in one coil due to change in current in
other coil. Consider two coils ‘A’ and ‘B’ lying close to each other. An emf will
be induced in coil ‘B’ due to change of current in coil ‘A’ by changing the
position of the rheostat.

A B
Mutual Inductance :—

It is defined as the emf induced in coil ‘B’ due to change of current in
coil ‘A’ is the ratio of flux linkage in coil ‘B’ to 1 amp. Of current in coil ‘A’.
Co-efficient of Mutual Inductance (M)

Coefficient of mutual inductance between the two coils is defined as the
weber-turns in one coil due to one ampere current in the other.
1st Methoq\r%r ‘M’ :—

|\/| =_2 1

I1

N2 = Number of turns

M = Mutual Inductance

@1 = flux linkage

I1 = Current in ampere
2nd Method for M :—

We know that
N ¢

M=__

I1
M1 = Nagy
—Ml1 = N2y



Where ey =-N, —ddt% is known as mutually induced emf.

em = —1lvolt
Then M =1 Henry

A coil is said to be a mutual inductance of 1 Henry when 1 volt is
induced when the current of 1 amp/sec. is changed in its neighbouring coil.

3rd Method for M : —
M -M-ANN——

= 0 r 1 21

Co- eff|C|ent of Coupling :

Consider two magnetically coupled coils having N1 and N2 turns
respectively. Their individual co-efficient of self-inductances are
L =MoM AN 2
Mo MrANZ
|
2
L2 =MoM AN
|

The flux @1 produced in COI| ‘A’ due to a current of 11 ampere is
LIt MM AN? |

N I Ny

_M M AN

11

1 |

Suppose a fraction of this flux i.e. K1z is linked with coil ‘B’

ThenM = Kig1 xNo = _KiNiNp = —--mmmmmmmmmmm oo (1)
Iy /MM A
Similarly the flux @2 produced in coil ‘B’ due to 12 amp. Is
_MM AN I

2 I
Suppose a fraction of this flux i.e. chpz is linked with coil ‘A’
ThenM = Kygp xNi= L — 2
I, [/MoM A
Multiplying equation (1) & (2)



12/ Mo?M /2 A2
2 2 2
=K | [
[QKi =K, =K]
M2 =K?L.L
1 2
C.L
1 2
>K= | M.
AT T
\TE

Where ‘K’ is known as the co-efficient of coupling.
Co-efficient of coupling is defined as the ratio of mutual inductance

between two coils to the square root of their self- inductances.

Inductances In Series (Additive) :—

Fluxes are in the same durection

Let M = Co-efficient of mutual inductance

L1 = Co-efficient of self-inductance of first coil.

L2 = Co-efficient of self-inductance of second coil.
EMF induced in first coil due to self-inductance

eL=-L1 dI

ot

Mutually induced emf in first coil

e =-Md
M1 E
EMF induced in sec((j)nd coil due to self induction
|

eL. =-Ly  (dt
Mutually induced emf in second coil

eMm. =—M _dt

2
Total induced emf
=e + e + e + e

L1 L2 M1 M2
If ‘L’ is the equivalent inductance, then



—Lmdt =-L mdt —Mmdt - L2 ﬂdt —Mﬂdt

-L dl‘d‘t:——dldt(Ll—Lz—ZM)

>L=L+L,+2M

Inductances In Series (Substnactive) :—

By T,
‘ (

(Fluxes are opposite in direction)

Let M = Co-efficient of mutual inductance
L1 = Co-efficient of self-inductance of first coil

L2 -= Co-efficient of self-inductance of second
coil Emf induced iln first coil due to self induction,

7

e.s = 7L1 Tt
Mutually induced emf in first coil
e —M di=M dl
TET Ty a
Emf induced in sgcond coil due to self-induction
I
e, =-L2 "t
Mutually induced emf in second coil
e —M dI=M dI
P

Total induced emf
e=e +e +e +e

Then —L dI :—Llﬂ—del+M dl+M dl
dt dt Tdt Tt dt
~ —Ldl == dl (L +L -2M) >L=L +L -2M
gt dt 2 1 2
Inductances In Parallel :—



L

Let two inductances of L; & L, are connected in parallel
Let the co-efficent of mutual inductance between them is M.
=it +i
dl =diz +dip (1)
dt dt dt
e=Ldiy + M di;
tdt dt

d

L2 OI'dt2+lvl idt1

=> L1 dldf+|\/| d-'Ef:de-'_df+M

Bt S G- M) gt = (2 m)

di » — N
dt

= dip = (L2 -M) di; (2)
o (C-M)dt
1= dia+ dio
dt dt dt
=(L2 -M) diy + di,
(L -M)dt dt
1

— ©)

> a =i-m +1

1

If ‘L’ is the equivalent inductance
e=L di =L 'diy +M di>
dt d dt
Ldi =L di; +Mdi2
dt  dt dt
= ﬂ: l $+M dl_ (4)
dt L dt dt
Substituting the value of diy
dt

— 1 +M (5)




Equating equation (3) & (5)



LM diz = L1 L -M d
T=w 5t T=wm My
L,—M 1 L,—M

>=m *l=tk T=m *M

L
1 1
L-M+L,-M 1 -LM +L,M -M 2
L,—M L L,~M

5 Lt -2M =1 LiL, -M?
=ML L=M

=

1
s+l -2M = L [L1L2 -MZ]
S L= Lle—MZ
L +L -2M
1 2

When mutual field assist.
L= LL-M

L +L +2M

1 2

When mutual field opposes.
CONDUCTIVELY COUPLED EQUIVALENT CIRCUITS

4 1, Miad '

1\'{\ Ll l'l 1\/7_
AW N
o— 1| —0

The Loop equation are from fig(a)

di di
Vi=L + M _ 2
& 9y
Vo=1l2_2 + M _1
dt dt
-
Q_ =) ‘1 Q‘L"") t
\ ' ’V'J,
q\,, 3"\ ~n
Py "
- N IS
o

The loop equatlon arg,from fig(by
V, = ( 1~ 1y M (|1 + Iz)
dt dt



V2:(L2—M)dl 2—‘|=M d(i1+i2)
—dt dt
Which, on simg_lificatiodr] become
VisLi s 4 M
dt a4

Vo=L, M _
Tt dt

So called conductively equivalent of the magnetic circuit . Here we may
represent ZA=L1-M .

ZB = (L2-M) and Zc =M
In case M is + ve and both the currents then ZA=L1-M , ZB=L2-M and Zc =
M, also , if is — ve and currents in the common branch opposite to each other
ZA=L1+M, ZB=L2+M and Zc = - M.
Similarly, if M is —ve but the two currents in the common branch are additive,
then also.

Zan=L1+M , Zs =L2+M and Zc = - M.

Further Za , Zs and Zc may also be assumed to be the T equivalent of the
circuit.

Exp.-01:
Two coupled cols have self inductances L1= 10x1073H and L2= 20x10"

3H. The coefficient of coupling (K) being 0.75 in the air, find voltage in the second
coil and the flux of first coil provided the second coils has 500 turns and the circuit
current is given by i1 = 2sin 314.1A.
Solution :

M=K [iL,

= 0.75 101073 x 20x1073
~“M =10.6x10"° H

The voltage induced in second coil is
o= Bt =g

10.6 x107° dtd (2 sin 314t)

10.6 x107° x 2 x 314 cos 314t.
The magnetic CKt being linear,
_N@ ~_500x (Kg)

i
11
= M xi=10.6x10"° x 2sin 314t
500x Kt 500x%0.75

= 5.66 x10 sin 314t




@, = 5.66 x10™ sin s 314t.
Exp. 02

Find the total inductance of the three series connected coupled
coils.Where the self and mutual inductances are L1=1H,L2=2H,L3=5H

Mi12= 0.5H, M23 = 1H, M13 = 1H
Solution:
LA =L1+M12+M13
1+205+1
2.5H

2+1+0.5
3.5H

o+1+1
7H

2.5+3.5+7
13H (Ans)
Example 03:

Two identical 750 turn coils A and B lie in parallel planes. A current
changing at the rate of 1500A/s in A induces an emf of 11.25 V in B. Calculate
the mutual inductance of the arrangement .If the self inductance of each coil is
15mH, calculate the flux produced in coil A per ampere and the percentage of
this flux which links the turns of B.

Solution: We know that

Mdl,
M ="
, 11.25
M="Cnf B ]
{ /ﬂfn/ TE00 7.9mH
l" i df
now,
Ner @1 B 10~* 4 =3
=2t oL o 15 —=2+10"FWD/A
1 I I Ny 30
X o) F 3
k= : —75 = =0.5=50%

- JIL; 15+10°°



A.C FUNDAMENTAL

Direct Current

Alternating Current

1

N

t—>

t —>

(JD.C.

always flow in one

direction and whose magnitude
remains constant.

(2) High cost of production.

(3) It is not possible by D.C.

Because D.C. is dangerous to the

(4) transformer.

Its transmission cost is too high.

1)

2)
3)

(4)

A.C. is one which reverse
periodically in
direction and whose magnitude

undergoes a definite cycle changes
in definite intervals of time.
Low cost of production

By using transformer A.C. voltage
can be decreased or increased.

A.C. can be transmitted to a long
distance economically.

Definition of A.C. terms :-
Cycle : It is one complete set of +ve and —ve values of alternating quality

spread over 360° or 2[ | radan.
Time Period : It is defined as the time required to complete one cycle.
Frequency : It is defined as the reciprocal of time period. i.e. f=1/T

Or

It is defined as the number of cycles completed per second.
Amplitude : It is defined as the maximum value of either +ve half cycle or —ve
half cycle.
Phase : It is defined as the angular displacement between two haves is zero.




OR

Two alternating quantity are in v

phase when each pass through their zero I

value at the same instant and also attain v 7T
their maximum value at the same instant in

a given cycle. il t—
V =Vmsinwt
I = Imsin wt

Phase Difference :- It is defined as the angular displacement between two
alternating quantities.
OR
If the angular displacement between two waves are not zero, then that is

known as phase difference. i.e. at a particular time they attain unequal distance.

Vv

|

b o— NS

OR

Two quantities are out of phase if they reach their maximum value or
minimum value at different times but always have an equal phase angle between
them.

Here V = Vm sin wt

I = Im sin (wt-¢)

In this case current lags voltage by an angle ‘@’.
Phasor Diagram :
Generation of Alternating emf :-

Consider a rectangular coil of ‘N” turns, area of cross-section is ‘A’ nt? is
placed in x-axis in an uniform magnetic field of maximum flux density Bm

web/nt%. The coil is rotating in the magnetic field with a velocity of w radian /
second. At time t = 0, the coil is in x-axis. After interval of time ‘dt’ second the
coil make rotating in anti-clockwise direction and makes an angle ‘0’ with x-
direction. The perpendicular component of the magnetic field is ¢ = ¢n cos wt

According to Faraday’s Laws of electro-magnetic Induction



e= —N—ddt(p

=-Nd (¢ coswt)
dt m
= =N (=¢@mn W Cc0S Wt)
= Nw@p sin wt
= 21Ny, sin wt(Qw = 277f)
= 2mmfNB, Asin wt
e = Ep sinwt
Where Em = 2mfNB, A
f —frequency in Hz
Bm— Maximum flux density in
Whb/mt® Now when 8 or wt = 90°
e=Em
i.e.  Em=2mfNBmA

/I%’t Nt
0 &=

Root Mean Square (R.M.S) Value :—

The r.m.s. value of an a.c. is defined by that steady (d.c.) current which
when flowing through a given circuit for a given time produces same heat as
produced by the alternating current when flowing through the same circuit for
the same time.

Sinuscdial alternating current is

I = Imsinwt =1Imsin 6

The mean of squares of the instantaneous values of current over one
complete cycle

=27 i24g
o (2 -0)
The square root of this value is

ﬂ—zl?r

_fo 21

2 {Im sin 8)° do
| 02"



\|2170 2

—2_[" 1-cos 26 )do
(i esas)
= ™29 -sin26 27

\|/ 47 2

|
lrms = j”—lz =0.707 Im
N

Average Value :—

The average value of an alternating current is expressed by that steady
current (d.c.) which transfers across any circuit the same charge as it transferred
by that alternating current during the sae time.

The equation of the alt%rgating currentisi=Imsin 6
I .
lav = rrj

-0
- Io(gin )9 L

|
('m 7; :dIG = rsiTad@

m[-cos6]0 [— cosT — (cos0’
I T T

n [1-0¢-1)]

2-1
lav = T m
| 2x Maximum Current

aviT

Hence, I, = 0.637I,
The average value over a complete cycle is zero



Amplitude factor/ Peak factor/ Crest factor :- It is defined as the ratio of
maximum value to r.m.s value.

Ka = MaximumValue =1, = 2=1414

RM Svalue 1, V
2

Form factor : - It is defined as the ratio of r.m.s value to average value.

Kf= rmsValue =0.7071, =2=1414

Average.Value 0.637I,, '

Kf=111

3

Phasor or Vector Representation of Alternating Quantity :—

|/

An alternating current or voltage, (quantity) in a vector quantity which
has magnitude as well as direction. Let the alternating value of current be
represented by the equation e = Em Sin wt. The projection of Em on Y-axis at
any instant gives the instantaneous value of alternating current. Since the
instantaneous values are continuously changing, so they are represented by a
rotating vector or phasor. A phasor is a vector rotating at a constant angular
velocity

Al t1, e1 = Em sin wiz

Atty, e2 =Em. sinwt2
Addition of two alternating Current :—

Lete; = Em: sinwt
€2 = Emz sin(wt — @)
. E; B
The sum of two sine waves of the same
frequency is another sine wave of same o
frequency but of a different maximum value and ' E >

Phase.

e= [e)® +e,° + 2e1e; COSQ
Phasor Algebra :—
A vector quantity can be expressed in terms of
Rectangular or Cartesian form
Trigonometric form
Exponential form



Polar form

E=a+jb
E(cos6 + j sin 6)
Where a = E cos 0 is the active part

b = E sin 8 is the reactive part
6=tan"b =Phaseangle

a
j= /-1(90°)
j>=-1(180°)
jP=-j@70°)
j*=1(360°)

()  Rectangular for :-
E=azxjb
tan6d=b/a

Trigonometric form :-
=E(cos@ £jsin 0)

Exponential form :-

— Eet jo

Polar form :-
=E/+eE= a?+b%)

Addition or Subtration :-
Ei=a;+jb;
Ex=ax+jb,

EixEx=(ar+a) x(by + by

tant 1 * 2

. 9T
Multiplication : -
EixEx=(a; +jai) £(ar +jby)
= (a1@2 — bibz ) + j(azaz + biby)

Esin g

Ecose




+
ab ba

o=tan. 12 12
aia; — bib,
Ei=E1£6;
E,=E,Z6,
EisxEx=EiE2 Z@i+¢
Division :-
Ei=E1£6;
B=Ef£%0 E
1 = 1 1= 1 201 -6
E. Ex4£6; E;

A.C. through Pure Resistance :—
Let the resistance of R ohm is connected across to A.C supply of applied

voltage

e S 1 (1)
Let ‘I’ is the instantaneous current .
Heree = IR
i =e/R
= Emsin wt/ R-- - - 2

By comparing equation (1) and equation (2) we get alternating voltage
and current in a pure resistive circuit are in phase
Instantaneous power is given by

P=ei
=Emsinwt . Iy sin e = Emsin Wt
WtE= IIEm Im sin® wt [ = Imsin wt
=_m m 2sin2 wt T

2
E%F*.\—EQZ .(1- cos 2wt) T t—>

Eow b En |
P= oM My— Fom My cos 2wt
22 600

v N AY N

i.e.P= VmTI'@—i Vm\é—_. 'Q??cos 2wt



Where V,—ﬁz%nz is called constant part of power.
v v

vV
2 n2 .cos 2wt is called fluctuating part of power.

The fluctuating part Vm Im .cos2wt of frequency double that of voltage and current 2

waves.
Hence power for the whole cycleis P= *,. =

P =VI watts

A.C through Pure Inductance :(—
Let inductance of ‘L’ henry is connected across the A.C. supply

v = Vmsin wt

V =V, sin wt (1)
According to Faraday’s laws of electromagnetic inductance the emf induced

across the inductance
di

V=L dt v = Vmsin wt

I .
av[d is the rate of change of current i = I snwt—7/2)

Vsinwt=L m
dt A4

m
—mi—y T

dt L

=>di= \LL"‘ sin wt.dt

Integrating both sides,

di = ,[Vtm sin wt.dt
i= V- coswt

L W




wlL
i =— Vpy coswt
wL

wL 2
Y% m = 2mfL =wL
= —x— sinwt— [QXe W]
] 2
Maximum value of i is
In=VY_ when _ wt-T is unity.
XL 2
Hence the equation of current becomes i = I, sin(wt = 1/ 2)
So we find that if applied voltage is rep[resented by v = Vv, sin wt , then current
flowing in a purely inductive circuit is given by
= Iy sin(wt — 11/ 2)

Here current lags voltage by an angle 11/2 Radian. A
Power factor =CO0S @
cos 90° .
0 E
Power Consumed = VI cos ¢ v
VIx0
0

Hence, the power consumed by a purely Inductive circuit is zero.
A.C. Through Pure Capacitance : —

C i=1_sin(wt—=l2)
¥ v = Vmsin wt
| |
o —rg—yp TP
v = Vmsin wt

Let a capacitance of ‘C” farad is connected across the A.C. supply of applied

voltage
V = Vi SiN Wt ==----=------- Q)

Let ‘q’ =change on plates when p.d. between two plates of capacitor is ‘v’
q=cv

g = cVm sin wt



dgq _ d
dt=c dt (Vmsinwt)

I = CVm sin wt

= W\?Vm Cos wt

:_n = cos wt
1/ we

=V, = cos wt [ X*= 1= 1 isknown as capacitive reactance
Xc Q we 2

in ohm.]
Im COS wt
I sin(wt + 17/ 2)

Here current leads the supply voltage by an angle 11/2 radian.

Power factor = COoS ¢
cos90° =0

Power Consumed = VI cos ¢
=VIx0 =0

The power consumed by a pure capacitive circuit is zero.
A.C. Through R-L Series Circuit : —

L
" (00000 ___
"W
¢ Vr H: VI —a
L 4
N/

e=FE_sn wi

The resistance of R-ohm and inductance of L-henry are connected in series
across the A.C. supply of applied voltage

e=Epsinwt (1)
V =VR +jVL
—2 2 - XL
:\.“\/R +VL ZLe=tan' R
- X|_
= \III(IR)‘+(IXL)‘ Zo=tan* —
R
—2 -X L
= IRMX Zo=tan" R
- Xt Vi=IXo
V =1Z4p=tan’ —_—
R
v
(0

Vr=IR



Wherez = g+ X
R +jX | Is known as impedance of R-L series Circuit.

I= V. ZEpsinwt
Z2L¢ ZL¢
= Iy sin(wt — @)

Here current lags the supply voltage by an angle .
Power Factor :— It is the cosine of the angle between the voltage and current.
OR
It is the ratio of active power to apparent power.
OR
It is the ratio of resistance to inpedence .

Power :—
A

V sin wt. Iy, sin(wt — )
Vi Im Sin wt.sin(wt — )

1
=2 Vi I 2sin wt.sin(wt — @)

l2 Vi Im[cos@ — cos 2(wt —@)]
Obviously the power consists of two parts.

1 : .
a constant part =2 V, I, cose which contributes to real power.

a pulsating component l2 Vi Im cos(2wt — @) which has a frequency twice

that of the voltage and current. It does not contribute to actual power since its

average value over a complete cycle is zero.
Hence average power consumed

1
=2 Vi I cos@

V.. |
'22:. :f“? CosQp
VI cosp
Where V & | represents the r.m.s value.
A.C. Through R-C Series Circuit : —
The resistance of ‘R’-ohm and capacitance of ‘C’ farad is connected across the

A.C. supply of applied voltage



€ = Ep SiN Wt----=--==-=mmm oo (1)

=Vr+ (—jVc)
IR+ (—jIX¢)
I(R-jXc)
V=IZ

Where Z =R - jXc = |[R* + X * is known as impedance of R-C series Circuit.
=R - jx C
R X

s-@=tan "t X© :
R
V=I122-¢ ¥
1=V
ZZ-¢
Em sin wt
74 -
E—m sir(f(wt + )
Z ¢
> | = Iy sin(wt + @)
Here current leads the supply voltage by an angle ‘@’.
A.C. Through R-L-C Series Circuit : —
Let a resistance of ‘R’-ohm inductance of ‘L’ henry and a capacitance of ‘C’

farad are connected across the A.C. supply in series of applied voltage

e = Em Sin Wt -----mmmameem- (1)



- — —

=Vr+V +Vc

VR + VL= jVc
Vr+j(VL—Vc)
Ir+JIX L - IX¢)
IR+j(XL=Xc)]

C

s+@=tan1X "=X
R

I RE+(XL = Xo)*
1ZL+@

Where 7 = | \ R%+ (X L - Xc)? is known as the impedance of R-L-C
Circuit. Series
If

If X > X ¢, then the angle is +ve.
X L <Xc,thenthe angle is -ve.

Impedance is defined as the phasor sum of resistance and net reactance

=1ZL+p

1= e 1ZZ*¢@ =Emsinwt =lysin(wt+ @)

ZL*xg ZL*@
If XL >Xc, then P.f will be lagging.
If X L<Xc, then, P.fwill be leading.
If X L=Xc, then, the circuit will be resistive one. The p.f. becomes unity
and the resonance occurs.
REASONANCE

It is defined as the resonance in electrical circuit having passive or active
elements represents a particular state when the current and the voltage in the
circuit is maximum and minimum with respect to the magnitude of excitation
at a particular frequency and the impedances being either minimum or
maximum at unity power factor
Resonance are classified into two types.
Series Resonance
Parallel Resonance

Series Resonance :- Let a resistance of ‘R’ ohm, inductance of ‘L’ henry and
capacitance of ‘C’ farad are connected in series across A.C. supply




N
\Z/
e=FE_sn

e = Ep sinwt
The impedance of the circuit

=R+j(XL-Xc)Z

= RF+(XL —Xo)’
The condition of series resonance:
The resonance will occur when the reactive part of the line current is
zero The p.f. becomes unity.
The net reactance will be zero.
The current becomes maximum,
At resonance net reactance is zero

XL—XC =0

=X =Xc

WL= 1
o w C

0

W,2LC=1

wi

1
Resonant frequency (fo) = %EFLCl
Impedance at Resonance
Z0=R
Current at Resonance

Power factor at resonance
p.f.=R =R =1 [QZo:R]
R
Z,



Resonance Curve :-

Unity p.f(upf) L

Lagging
Pf

fo
At low frequency the Xc is greater and the circuit behaves leading and

at high frequency the XL becomes high and the circuit behaves
lagging circuit.
If the resistance will be low the curve will be stiff (peak).

If the resistance will go oh increasing the current goes on decreasing and the

curve become flat.

Band %'ggi]n:t_‘)A’ the power loss is | 2R,
0

The frequency is fo which is at

resonance. | 2 R
2
The power loss is 50% of the power loss at point

A

CA”/ IO

Hence the frequencies
corresponding to point ‘B’ is known as half power frequencies f1 &
fo.f1 = LowerR half power frequency
f=f-
Lo 4AmL
F2 = Upper half power frequency
f=f+ R
2 o 4L
Band width (B.W.) is defined as the difference between upper half power
frequency ad lower half power frequency.
_ R
BW.=f -f= L
2 1 2mL



Selectivity : —

Selectivity is defined as the ratio of Band width to resonant frequency
Selectivity = BW. =R Selectivity = R
f, 2m 21t L
Quiality Factor (Q-factor) :—
It is defined as the ratio of 21T x Maximum energy stored to energy dissipated
per cycle

2 x 1 12
Q-factor  =—7=gr—

“mL (T )
| RT
=mL.21 2
| RT

=mL2l 2
I 2RT

=2mL.

RT
24

Quality factor == m - Q=L =f

R I 0

Quality factor is defined as the reciprocal of power factor.

Q factor = = ccsl'(p
It is the reciprocal of selectivity.

=Voltage across Inductor.
I\ggltage across resistor

Q-factor Or Magnification factor

= 0 L
Ih R
XIT

N
=4
—
=
—

A

VA

Q- factor== "o
R

Voltage across Capacotor.
Q-factor factor Voltage across resistor

0 clo

R



R
= 1 = 1
2m,C  2mf CR
Q-factor = 1
W CR
0
Q=WolLx 1
R WCR
@=_
R’C
Q= (' 1
\ R’C
Q=1 }FL_
E\lE

Graphical Method :—
(1) Resistance is independent of frequency It represents a straight line.

(2) Inductive Reactance XL = 2mfL
It is directly proportional to frequency. As the frequency increases , XL
increases

(3) Capacitive Reactance Xc = ~—1

2mfC

f —

It is inversely proportional to frequency. As the frequency increases, Xc
decreases.

When frequency increases, XL increases and Xc decreases from
the higher value.




v

-Xc
At a certain frequency. XL = Xc

That particular frequency is known as Resonant frequency.
Variation of circuit parameter in series resonance:
Parallel Resonance :- Resonance will occur when the reactive part of the line

current is zero.

(—
N~
At resonance,
Ic—Ising =0
Ic =1_sing
~Vv =V sin @
'XC_ R+X,
VvV = Vv X X, .
Xc '\‘/ R®+ X~ \""RZ + X ILcos ¢
1 XL 2 0
—— L I sin e
Xc :R2+X|_ ? " \\\ 1
TRI+X 2=X X =

L L C 1
7% == X . Xc =WoLx

W C

~



zzzc—L

L
SR%+X °= C
L

>R+ @2y, L)Y = C

SR +4m 26 2 L2 =

c- B
L
>4m°H*L’= C -R
y 1 L 2
=>f = 2 = - = R
41 f02|_ C
>fy = 1 (I 1-R?

2\ LC L2 IL cosQ
fo = Resonant frequency in parallel circuit.
Current at Resonance =

=V : R

JREAXC (RE+ X

VR

2
+X.
VR
Z2
VR=VL/C——
L/RC
V

Dynamic Impedence
L /RC — Dynamic Impedance of the circuit.
or, dynamic impedances is defined as the impedance at resonance frequency in
parallel circuit.
Parallel Circuit :—




The parallel resonance condition:



When the reactive part of the line current is zero.
The net reactance is zero.
The line current will be minimum.
The power factor will be unity
Impedance Z;=R;+jX_
Z,=R, —jX¢
Admittance Y, =1 = 1
71 R +JX,
= (Ri+jXL)
R+X R=-JX L)
= Ri+]X|
R4+X 2
Yl = Rl - J X L
RZ+XY  RZ+X 2
Admittance Y =1 = 1
LT R1 +JXc
= (R2+jX¢c)
R2-JX ©)R+jX°)
R + jlx 2
2 L
Y2 = RZ + J XQ
R2+X2 RZ?+X 2
2 C 2 C

Total Admittance Admittance 1 =1 +1
Z Z1 2>
=Y =Y1 +Ys Xc
>Y= Rl _j XL + R2 +j
RZ+XL2 R%+XL2 RZ?+XC2 R%+X 2
1 1 2 2 C
R1 + R2 XL _ Xc
v= R1 + XL R +X¢ - R1 +X L R2+Xc
At Resonance, Xc
X _ _0
L
R4X 2 RZ+X 2
> X = XC
Rz + X Rz + X

= XU(R2 +% )= xc(Riz + x 2)
© 1 (R2+4772f2L2)

— 1

somfLR, 2t . =

4 £ C  2mfC
= L =R?* +2mfl?

2mfLR  * 72mic? 2mic  C




> ,- R - 217fLR
2mfC 2mfC C 2
1 L 2 L 2
= ——R =2nfL— -R
2nfC ¢ ¢ C 2
L -R? L-CR,?
sam2file S—tis
~ L * L-CR
C -R
1 L-CR ?
417 f2 =____ )
LC | R,
1 L-CR 2
T WLC ?
L-CR,

1 [ LCR ?
2myLC | L-CR, °

1] L-CR;
EF«LC—LCRZ
2

>f=

>f=

f is called Resonant frequency.
IfR? =0

Thenf= 1 [L-CR?
= 1 \[-CR ?

—

|
1

o\ Cc
= 1 [C-R°?

am\c
=1 (—E——RZ

am\i’c L7

f= 1 [L —-R?

If R1 and R2 = 0, then
f=1 [ L
2m\ L2C

f=1 I||'_:|.—= 1
2m\ LC 2m/LC

Comparison of Series and Parallel Resonant Circuit :—

Item Series ckt (R-L-C)




Parallel ckt (R— L and C)



™ |mpedance at Resonance Minimum Maximum
™ Current at Resonance v v
Maximum= R Minimum= (L / CR)
™ Effective Impedance R L
CR
™ P f, at Resonance Unity Unity
™ Resonant Frequency Lt L -R
27/ LC 2\ LC
2
™ |t Magnifies Voltage Current
™ Magnification factor WL WL
R R

Parallel circuit :—

I Ri W

P
-
v.f

Zl=R1+jX|_:|| R12+X|_24(p1

Z;=Ri—jXc =/ RA°+Xc? £ -

1
| * =

Z]_A(pl Zl

Where ViVYl

Z;

V. =V ZL-p=l L-¢

Here Y1 — Admittance of the circuit
Admittance is defined as the reciprocal of impedence.




! 1 R+ jXu
1=V =V ZLo=VYZLg=l Lo?
LL-9u 7, 2

= 1%+ 152 + 21415 cos(py +@2)

=hZ-p1+ 1L, L

A Tt‘b;l“ Q,_

The resultant current “I” is the vector sum of the branch currents 11 & 12
can be found by using parallelogram low of vectors or resolving I2 into their X



—and Y- components ( or active and reactive components respectively) and then
by combining these components.

Sum of active components of 11 and I2 = 11 cos @1+ 12 cos @2 Sum

of the reactive components of Iy and | 2 =12 sin @2 - | 1 Sin @1

EXP-01:
A 60Hz voltage of 230 V effective value is impressed on an inductance of
0.265H
Write the time equation for the voltage and the resulting current. Let the zero
axis of the voltage wave be att = 0.
Show the voltage and current on a phasor diagram.
Find the maximum energy stored in the inductance.
Solution :-
Vinax =/ 2V = [2 x 230V
f=60Hz, W=2nf=2mx60=377rad/s.
xi =wl =377 x 0.265 = 100Q
()  The time equation for voltage is Vv (t) =230 Zsin 377t
Imax = Vmax/x1 =230 2/100.=2.3 3
= 90° (lag).
Currente quation is.
i(t) =23 2sin(377t - 1/ 2)
or =2.3 2cos377t
Iti

1 1
OF Emax = =2 LI 2mx = =2 x 0265 x (2.3 2)2 = 1.4]

Example -02 :

The potential difference measured across a coil is 4.5 v, when it carries a
direct current of 9 A. The same coil when carries an alternating current of 9A at
25 Hz, the potential difference is 24 v. Find the power and the power factor
when it is supplied by 50 v, 50 Hz supply.

Solution :
Let R be the d.c. resistance and L be inductance of the coil.
R=V/I=45/9=05Q




With a.c. current of 25Hz, z = V/1.

24
0 =2.66Q
x = /Z?-R? =/ 2.66°-05°
2.62Q
| =21 x 25% L
| =0.0167Q
At 50Hz
X1 = 2.62x 2 =5.24Q)
= 052 +5242
5.06 Q
| =50/5.26 =9.5 A
P =1%R =95 x 0.5 = 45 watt.
Example — 03 :

A 50- uf capacitor is connected across a 230-v, 50 — Hz supply. Calculate

The reactance offered by the capacitor.

The maximum current and
The r.m.s value of the current drawn by the capacitor.

Solution :
(a) = 1= 1 = 1 =63.6Q

we 2nfe 2w x50 x50 x107°

Since 230 v represents the r.m.s value
I ms =230/x =230/63.6 =3.62A

In=limsXx 2= 3-6fz_x 2= S-HA

Example — 04 :
In a particular R — L series circuit a voltage of 10v at 50 Hz produces a

current of 700 mA. What are the values of R and L in the circuit ?
Solution :
Z = R*+ (2§ x50L)°
RF + 986962
=1z
10 = 700 x1073/(R* + 98696L°)
J(R* +98696L°) = 10/ 700 x107° = 100/ 7
R? + 98696L% =10000/ 49 (1
(i) Inthe second casez= R:+ (2 x 75L).
Q10 =500 x1073/R? + 22206612 ) = 20
JR? +222066L° ) = 20




Rz + 22206612 = 400 -------------- (1)
Subtracting Ea.(I) from (ii), we get,

222066L2 — 986962 = 400 — (10000 / 49)

123370L% = 196

, 196
L* = 123370
“ L= 19 =0.0398H =40 mH.
\./ 123370
Substituting this value of L in equation (ii) we get Rz + 222066L: (0.398). = 400
R=6.99Q.
Example — 04 :

A 20Q resistor is connected in series with an inductor, a capacitor and an
ammeter across a 25 —v, variable frequency supply. When the frequency is

400Hz, the current is at its Max™ value of 0.5 A and the potential difference
across the capacitor is 150v. Calculate
The capacitance of the capacitor.
The resistance and inductance of the inductor.
Solution :
Since current is maximum, the circuit is in resonance.
X =Vc/1=150/0.5=2300Q
X1 =1/ 2mfe => 300 =1/ 2 x 400% ¢
c=1.325 x107°f = 1.325uf .
X =X = 150 /0.5 = 300Q
21 x 400 x L =300
=L = 0.49H
At resonance,
Circuit resistance = 20+R
V/Z = 2510.5
R=30Q
Exp.-05
An R-L-C series circuits consists of a resistance of 1000Q, an inductance
of 100MH an a capacitance of wu uf or 10PK
The half power points.
Solution :
i) fo = 1 = 10f = 159KHz
277\;'10 1x10*  2n




1 L 1
[ | 10'1

i) o= E\KE = 1000 *\f Tom - 100
iii) fp=fo— R =159x10%- 1000 = 158.2KHz

4l 41 x10 -
f2=fo- R =159 x1073+ 1000 = 159.8KHz.
4l 41 x107t

Exp. -06
Calculate the impedance of the parallel —turned circuit as shown in fig.

14.52 at a frequency of 500 KHz and for band width of operation equal to 20
KHz. The resistance of the coil is 5Q.
Solution :

At resonance, circuit impedance is L/CR. We have been given the value
of R but that of L and C has to be found from the given the value of R but that

of L and C has to be found from the given data.
BW= R 20x10°= & orl=39uH

2m 2 x |
fo- 1= [ I—RZ= 1 | j — 52
~oar \Ic 7 o \f 39x10°C  (39x10°)°
C=2.6x10"
= L/CR = 39x10 /2.6 x107° x5
3 x10°Q

Example: A coil of resistance 20Q2 and inductance of 200uH is in parallel with
a variable capacitor. This combination is series with a resistor of 8000€2.The
voltage of the supply is 200V at a frequency of 10°Hz.Calculate

the value of C to give resonance

the Q of the coil

the current in each branch of the circuit at resonance
Solution:

- — {——

XL=2nfL=27*10%%200%10%=12560

The coil is negligible resistance in comparison to reactance.
1

Fara AR

F =




< 5 §
105 =

2wxv200~C~107m

i) Q-”* =2r=10°% =200 =

10628
20

dynamlc impedance of the circuit Z=L/CR= 200*10'6/(125*10

12490)=80000Q
total Z=80000-+8000=88000L2
1=200/88000=2.27mA

p.d across tuned circuit=2.27*10"3*80000=181.6V current

through inductive branch=

current through capacitor branch=

~181.6*27*10%*125*10712=142 7mA

POLY-PHASE CIRCUIT

Three-phase circuits consists of three windings i.e. R.Y.B

-
1200

Ey = Ensin(wt —120) = Ep, £ —120

t—>



3 - @ Circuit are divided into two types
Star Connection
Delta Connection

Star Connection :—

v
v -—- Neutral

VN

¥

B

If three similar ends connected at one point, then it is known as star connected
system.

The common point is known as neutral point and the wire taken from the
neutral point is known as Neutral wire.
Phase Voltage :—

It is the potential difference between phase and Neutral.
Line Voltage : —

Itis It is the potential difference between two phases.
Relation Between Phase Voltage and Line Voltage :—




VN

—

Line VolatageVry = Vrn - VN

V, = J,'II| Vrn + Vyn — 2VRNVYN Cos60°

1
V’QPh +V Zpn = 2VppVph %= 2

[ 2 [
= |3Vph = BV

—

VL =/3Vpy

Since in a balanced B —phase circuit VRN= VYN = VBN=Vph

Relation Between Line current and Phase Current :-
In case of star connection system the leads are connected in series with

each phase
Hence the line current is equal to phase current
IL = Iph
Power in 3- Phase circuit:-
P=V ph ! ph cos ¢ per phase
3V ph1 ph cos ¢ for 3 phase
=3 VI_IL cos@(QVL = !§Vph
J3 v
= 3V_ 1. cosp
Summaries in star connection:

The line voltages are apart from each other.
Line voltages are ahead of their respective phase voltage.

The angle between line currents and the corresponding line voltage is 30+
The current in line and phase are same.

Delta Connection :-



W* o \\
Bo—% L—'TY
Y o— .

If the dissimilar ends of the closed mesh then it is called a Delta
Connected system

Relation Between Line Current and Phase Current :-

Line Currentinwire —1 =iR-iY
i_Y)_ i_’B
Line Current in wire -2 =

— —

Line Current in wire —3 =iB-iR

H
IR %+ 1y?=2lglycos 60°

[
|

2 2 .
oh2 + 1 pn2 = 21 ppl prx 2

L 2 o
3“ph L= $| ph
I, =3I,
Relation Between Line Voltage & Phase Voltage : —
V|_ = Vph

Power == SBV_ 1 cosp
Summaries in delta:



Line currents are apart from each other.

Line currents are behind the respective phase current.
The angle between the line currents and corresponding line voltages is 30+
Measurement of Power : —
By single watt-meter method
By Two-watt meter Method
By Three-watt meter Method
Measurement of power By Two Watt Meter Method :-

Phasor Diagram :-
Let VR, Vv,VB are the r.m.s value of 3-¢ voltages and Ir,lv,IB are the r.m.s.
values of the currents respectively.
Current in R-phase which flows through the current coil of watt-meter
Wi1=Ir
And W2 = Iy
Potential difference across the voltage coil of W; = Vgg = Vg —Vs

And W2 = VYB = VY - VB
Assuming the load is inductive type watt-meter W1 reads.
W1 = VRB IR COS(30 - (p) (1)
Wi =V IL COS(30 = (0) ---------------------------

Wattmeter W2 reads
wo=Vvelycos0+¢@) (2)

W, =V I cos(30 + @)
W1 +W, =V I cos(30 - ¢) +V I, cos(30 + @)

=V I [cos(30 —¢) +V_ I cos(30 + )]

=V, I (2 cos 30° cosg)

= VoI (2x /3 cosy)

2 3)

Wy +W, =8V, | | cose
W =W, =V, I [cos(30 - ¢) — cos(30 + ¢)



VI (2sin 30° sin ¢)

VeI (2 x l2 X sin @)
W W, W, =V I Sinqo

1 ~Wo =V, I sing
W+W_  /3V It cosg
1 2 L

1
3 =tang
N
tan(p: #3 W1 Wz
YW +W
1 2
- w -W
>@Q= ~Cw W
tan v

Variation in wattmeter reading with respect to p.f:

Pf W1 reading W2 reading
=0,cos =1 +ve equal +ve equal
=60,cos =0.5 0 +ve
=90,cos =0 -ve, equal +ve equal

Exp. : 01

A balanced star — connected load of (8+56). Per phase is connected to a
balanced 3-phase 100-v supply. Find the cone current power factor, power and
total volt-amperes.

Solution :

Z on=/8+6% =10Q

Voh =400/ [3=23/v

| oh =Vpn/Z pnh =231/10 = 23.1A

IL = Zph=23.1A
P.f. = cosB = Rph/zph = 8/10 = 0.8 (lag)

PowerP = 3V || cosd
3/x 400 x 23.1x 0.8
12, 800 watt.
Total volt ampere s =V3 VL IL
3 x 400% 23.1
16, 000 VA.




Exp. -02

Phase voltage and current of a star-connected inductive load is 150V and
25A. Power factor of load as 0.707 (Lag). Assuming that the system is 3-wire
and power is measured using two watt meters, find the readings of watt meters.
Solution :

Vph = 150V
VL=V3x150
Iph = IL = 25A

Total power = V3 VLIL cos ¢ = V3 x 150x V3 x 25 x 0.707 = 7954
watt. W1 + W2 = 7954.00, cos ¢= 0.707
=cos ™ (0.707) = 45°, tan 45° = 1
Now for a lagging power factor,
tangp = ,_"{_3(W1 —W> ) /(Wl + W, )

1= 3\ 1 s 7954
(W1 —W2 ) = 4592w

From (i) and (ii) above, we get
W1 = 6273w W2 = 1681w



TRANSIENTS

Whenever a network containing energy storage elements such as inductor or capacitor is
switched from one condition to another,either by change in applied source or change in
network elements,the response current and voltage change from one state to the other
state.The time taken to change from an initial steady state to the final steady state is known
as the transient period.This response is known as transient response or transients.The
response of the network after it attains a final steady value is independent of time and is
called the steady-state response.The complete response of the network is determined with
the help of a differential equation.

STEADY STATE AND TRANSIENT RESPONSE

In a network containing energy storage elements, with change in excitation, the currents
and voltages in the circuit change from one state to other state. The behaviour of the
voltage or current when it is changed from one state to another is called the transient state.
The time taken for the circuit to change from one steady state to another steady state is
called the transient time. The application of KVL and KCL to circuits containing energy
storage elements results in differential, rather than algebraic equations. when we consider a
circuit containing storage elements which are independent of the sources, the response
depends upon the nature of the circuit and is called natural response. Storage elements
deliver their energy to the resistances. Hence, the response changes, gets saturated after
some time,and is referred to as the transient response. When we consider a source acting
on a circuit, the response depends on the nature of the source or sources.This response is
called forced response. In other words,the complete response of a circuit consists of two
parts; the forced response and the transient response. When we consider a differential
equation, the complete solution consists of two parts: the complementary function and the
particular solution. The complementary function dies out after short interval, and is referred
to as the transient response or source free response. The particular solution is the steady
state response, or the forced response. The first step in finding the complete solution of a
circuit is to form a differential equation for the circuit. By obtaining the differential
equation, several methods can be used to find out the complete solution.

DC RESPONSE OF AN R-L CIRCUIT

Consider a circuit consisting of a resistance and inductance as shown in figure.The inductor
in the circuit is initially uncharged and is in series with the resistor.When the switch S is
closed ,we can find the complete solution for the current.Application of kirchoff’s voltage
law to the circuit results in the following differential equation.

KA

v— ¥ | D aL




Figure 1.1

V=Ri+L '_L: ....................................................................... 1.1

Or+ 1= et sen e 1.2
& RV
&z oz

In the above equation, the current | is the solution to be found and V is the applied constant
voltage. The voltage V is applied to the circuit only when the switch S is closed. The above
equation is a linear differential equation of first order.comparing it with a non-homogenious
differential equation

whose solution is

X=  iisesessssssesiiiesatiisiisiieinsiissisatsisisaes

Where cis an arbitrary constant. In a similar way , we can write the current equation as

i=c dt

Hence,i =cC T et eee e 1.5

o

To determine the value of ¢ in equation ¢, we use the initial conditions .In the circuit shown in
Fig.1.1, the switch s is closed at t=0.at t=0-,i.e. just before closing the switch s, the current in the
inductor is zero. Since the inductor does not allow sudden changes in currents, at t=o+ just after
the switch is closed,the current remains zero.

Thusatt=0,i=0
Substituting the above condition in equation c, we have

O=c+

Substituting the value of c in equation c, we get

rr T =al

i= - € L

I
a

S ]

< (1- ) (where

—
1

i= - (1- ) (where ) e ————— 1.6



2l

0 1 2 3 4 5 8 1C
Figure 1.2

Equation d consists of two parts, the steady state part V/R) and the transient part .

When switch S is closed , the response reaches a steady state value after a time interval as
shown in figure 1.2.

Here the transition period is defined as the time taken for the current to reach its final
or stedy state value from its initial value.In the transient part of the solution, the
quantity L/R is important in describing the curve since L /R is the time period required
for the current to reach its initial value of zero to the final value . V/R. The time

constant of a function ~is the time at which the exponent of e is unity, where e

is the base of the natural logarithms.The term L/R is called the time constant and is
denoted by t.

L)
So, T= 37 sec

Hence, the transient part of the solution is

1= = -

At one Time constant, the transient term reaches 36.8 percent of its initial value.

i()=- -e7 =-Ze~ =-0368+
Similarly, : :
i(2r)=-,  =-0135
=e -
i3 =" =.00498
-t -
i(51) =" =-0.0067 °
- :

After 5 TC the transient part reaches more than 99 percent of its final value.



In figure A we can find out the voltages and powers across each element by using the

current. Voltage across the resistor is

B =&t
v =Ri=R<- (1- ¢T)
Hence, =V (1- ) i

) A

Similarly, the voltage across the inductance is

-=L =L =z =V

The responses are shown in Figure 1.3.

Figure 1.3

Power in the resistor is

vz aR-Rr e-;ﬁ‘;
- &0 . -

The responses are shown in figure 1.4 .



Figure 1.4

Problem: 1.1

B0V

Figure 1.5

A series R-L circuit with R =30Q and L = 15 H has a constant voltage V = 50 V applied at t=0 as
shown in Fig. 1.5 . determine the current i, the voltage across resistor and across inductor.

Solution:
By applying Kirchoff’s voltage Law, we get
15 +30i=60

. *+2i=4
The general solution for a linear differential equation is
i=c + dt
where P=2,K=4
putting the values
i=c- + dt

i=c + 2



At t=0, the switch s is closed.

Since the inductor never allows sudden change in currents. Att=  the current in the circuit
is zero. Thereforeatt= ,i=0

O=c+2

c=-2

Substituting the value of c in the current equation, we have

i=2(1-_ )JA
voltage across resistor ( .. ) =iR =2(1- ) x30=60(1- )R%
voltage across inductor ( = ) =Lz =15 2(1- )=30 v=

DC RESPONSE OF AN R-C CIRCUIT

Consider a circuit consisting of a resistance and capacitance as shown in figure.The capacitor in the
circuit is initially uncharged and is in series with the resistor.When the switch S is closed at t=0 , we
can find the complete solution for the current.Application of kirchoff’s voltage law to the circuit
results in the following differential equation.

A i
o———— A

V
gy IR 4y
i@
Figure 1.6
VZRi+ | oo sssssssssssssssennes 1.7
1 £ J 3
=jidt
By differentiating the above equation, we get
= T et 1.8
O0=R _—
Or
+ | U 1.9



Equation cis a linear differential equation with only the complementary function. The particular
solution for the above equation is zero. The solution for this type of differential equation is

I T 1.10

To determine the value of ¢ in equation ¢, we use the initial conditions .In the circuit shown in
Fig. the switch s is closed at t=0. Since the capacitor does not allow sudden changes in voltage, it
will act as a short circuit at t=0+ just after the switch is closed.

So the current in the circuit at t = 0+ is
Thus at t = 0, the currenti= _
Substituting the above condition in equation c, we have
— =C
Substituting the value of c in equation c, we get

i="

o

e 1.11

e 1

i<

Figure 1.7

When switch S is closed , the response decays as shown in figurre.
The term RC is called the time constant and is denoted by t.

So, T=RCsec
After 5 TC the curve reaches 99 percent of its final value.

In figure A we can find out the voltage across each element by using the current equation.

Voltage across the resistor is



Hence, =V

Similarly, voltage across the capacitor is

-V +cC
At t=0,voltage across capacitor is zero
So,c=V
And
.=V

The responses are shown in Figure1.8.

e e e el

T ——

7o

R

Figure 1.8

Power in the resistor is

Power in the capacitor is

S=-i=V(l-



o

Figure 1.9

Problem: 1.2

A series R-C circuit with R =10Q and C =0.1 F has a constant voltage V = 20 V applied at t=0 as
shown in Fig. determine the current i, the voltage across resistor and across capacitor.

20 b :01 E

Figure 1.10

Solution:
By applying Kirchoff's voltage Law, we get

i
10i+,, =20

Differentiating w.r.t. twe get
10+, =0

+i=0

£

The solution for above equation is



i=c
At t=0, the switch s is closed.

Since the capacitor never allows sudden change in voltages. Att=  the current in the circuit
isi=V/R=20/10=2 A

.Thereforeatt=0,i=2 A

the current equation is i=2

voltage across resistor () =iR =2 x 10=20 \

voltage across capacitor ( . )=V =20(1- )V

DC RESPONSE OF AN R-L-C CIRCUIT

Consider a circuit consisting of a resistance, inductance and capacitance as shown in figure.The
capacitor and inductor in the circuit is initially uncharged and are in series with the resistor.When
the switch S is closed at t=0, we can find the complete solution for the current.Application of
kirchoff’s voltage law to the circuit results in the following differential equation.

A o

iw<" T

Figure 1.11
V=Ri+tL + s 1.12
g 1p, 4
— =)tdt

By differeﬁ’iiat?ng the above equation, we get

0=R + T s 1.13



The above equation c is a second order linear differential equation with only the complementary
function. The particular solution for the above equation is zero. The characteristics equation for this
type of differential equation is

T T OO 1.15

By assuming * =-:zand -= |
4y =K -~ K- and =

Here _ may be positive,negative or zero .

Casel: - > 1c

Then, the roots are Real and Unequal and give an over damped Response as shown in
figure 1.12.

The solution for the above equationis:i= , _ +

A

Figure 1.12
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Case Il : K3 {s Negattve (=] <
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-

™
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Then, the roots are Complex Conjugate, and give an under-damped Response as shown in
figure 1.13.




Figure 1.13

The solution for the above equationis:i=

Caselll: Ky s Zero (£]" = =

Then, the roots are Equal and give an Critically-damped Response as shown in figure 1.14.

Figure 1.14

The solution for the above equationis :i=

Problem: 1.3

A series R-L-C circuit with R =200}, L = 0.05H and C = 20 pF has a constant voltage V=100V
applied at t=0 as shown in Fig. determine the transient currenti.

Sl S s
A
00

100V~

Figure 1.15

Solution :

By applying Kirchoff’s voltage Law, we get

1

- | idt
20x 10~%

100=30i 0.05=+

Differentiating w.r.t. twe get

+20 + i=0



+400 _ +  i=0
+400D+ i=0

The roots of equation are

———
{900 <

M e B
-200

-200+j979.8

-200-j979.8

= B A
At t=0, the switch s is closed.
Since the inductor never allows sudden change in currents. Att=  the currentin the circuit
is zero. Thereforeatt= ,i=0
i=0=(1)
=0andi= A

Differentiating w.r.t. twe get
2—L = C; [¢729%979.8 cog979.8 ¢ + 8% (~200)2in 979.8¢ ]
At t=0, the voltage across the inductor is 100 V
=100or =2000
Att=0, =2000=

-= _ =2.04

The current equation is



ANALYSIS OF CIRCUITS USING LAPLACE
TRANSFORM TECHNIQUE

The Laplace transform is a powerful Analytical Technique that is widely used to study the
behavior of Linear,Lumped parameter circuits. Laplace Transform converts a time domain
function f(t) to a frequency domain function F(s) and also Inverse Laplace transformation
converts the frequency domain function F(s) back to a time domain function f(t).

L{f(t)} = F(s) = (L9 LT 1

DC RESPONSE OF AN R-L CIRCUIT (LT Method)

Let us determine the solution i of the first order differential equation given by equation A
which is for the DC response of a R-L Circuit under the zero initial condition i.e. current is zero,
i=0 at t= and hence i=0 at t= in the circuit in figure A by the property of Inductance not
allowing the current to change as switch is closed at t=0.

Ko __ar

<
1 |
|
| +
LRRes
r-u

Figure LT 1.1

Taking the Laplace Transform of bothe sides we get,

N O E A O T ()] [ LT 1.2
" =RI(s)+L[sI(s)] (1(0) =0 : zero initial current )
- =I(s)[R+Ls]
) ﬂ-l'?(s) S LT13




Taking the Laplace Inverse Transform of both sides we get,

T

I(s)y = HA) = B}
i(t) = ( Dividing the numerator and denominator by L)
putting we get
i(t) = = ( -
i(t) = ( } (again putting back the value of
. 1 1 W 119 =-At 3
i(t)=1-%{= (%- —_ L___,;} = (1-¢T)=11- &T) (where [, =-=)
i()= (1-° ) (where ~ ) [PRONTROTOROROOO: o/ et S LT 1.4

A gs = Timeconstant =~

It can be observed that solution for i(t) as obtained by Laplace Transform technique is same as
that obtained by standard differential method .

DC RESPONSE OF AN R-C CIRCUIT(L.T.Method)

Similarly,

Let us determine the solution i of the first order differential equation given by equation A which is
for the DC response of a R-C Circuit under the zero initial condition i.e. voltage across capacitor is
zero, =0att= andhence =0att= inthe circuitin figure A by the property

of capacitance not allowing the voltage across it to change as switch is closed at t=0.

X X
o ' My

v
i e
i(@®)
Figure LT 1.2
VZRiH LT 1.5
=[td1
o~

Taking the Laplace Transform of both sides we get,

. =RI(S)+, [ - 8 N (O LT 1.6

i =RI(s) +L [ : ] (1(0) =0 : zero initial charge )
ars 1 k=

T =IERY f=IE0 ]

L) B
3
|
[ Y
£



I(s)==[ ] S LT 1.7
Taking the Laplace Inverse Transform of both sides we

get, I(s)} =

e

*

L]

i(t)= L= Tﬁgg} ( Dividing the numerator and denominator by RC)

1

putting = we get

i(t) = . ==

i(t) = _ ( putting back the value of

i(t) =1, 6% (where R S LT 1.8
i(t)= ) (where RC)

I, et t = Time constant =

It can be observed that solution for i(t) as obtained by Laplace Transform technique in q is
same as that obtained by standard differential method in d.

DC RESPONSE OF AN R-L-C CIRCUIT ( L.T. Method)

=" f=—4

Figure LT 1.3
Similarly,

Let us determine the solution i of the first order differential equation given by equation A which is
for the DC response of a R-L-C Circuit under the zero initial condition i.e. the switch s is closed at
t=0.at t=0-,i.e. just before closing the switch s, the current in the inductor is zero. Since the inductor
does not allow sudden changes in currents, at t=o+ just after the switch is closed,the current remains
zero. also the voltage across capacitoris zeroi.e. =0att= and hence =0

w

att=  inthe circuit in figure by the property of capacitance not allowing the voltage across it
. to suddenly change as switch is closed at t=0.

V=Ri+lL e LT 1.9

Taking the Laplace Transform of both sides we get,



= =RI(S) ++ LISI(S) -1(0) [+ 2 B 41 (0) ] LT 1.10

lal

=R I(s) + [ T( & 1(0) =0 : zero initial
=:~% L[=1(s)] +% 1__;_ 1{0} = Q:zero initial current
charge) -
p IR 120 pas gy ]
== S+ E o
Ms)= [ 1= e LT 111
) Cs ve

Taking thé Lébﬁgc—eﬁfr';;é;‘se"Tlc‘gl.nsﬁ%}—r%i'of both sides we get,

I(s)}= . Ve
— -l if y = = e —
il = '{""Ef”“’“ﬁ"i"’} .
i(t) = ( Dividing the nimerator and denominator by LC)

e
L ¥ N
. - e
i(t) = et
iy I3 [}
S eedas]!

putting LiC = we get

R [T

A = ISR €D | —

s N EC
it) =
o RrT— S — é
where, 5, ,5, = g =XtV XT=-wd =—x + 3
where, = ;= ° and =
= T o [ a
fd S e

By partial Fraction egp.gnsion ,of 1(s),

I(s) =;; +E

Taking the Inverse Laplace Transform



i(ty= . +

are constan to e detemined ad

equation.

Now depending upon the values of and , we have three cases of the response.

CASE I : When the roots are Real and Unequal, it gives an over-damped response.

or ; In this case, the solution is given by

or ()= . et A5

ik - or ; In this case, the solution is given by
or
=" . &t ) fort 0 oo LT 1.13

CASE III : When the roots are Complex Conjugate, it gives an under-damped response.

L 2 or =< « ;Inthis case, the solution is given by
SN )= + fort 0
Ay gt i’x;si::
where, =
PO — B — .
§1 .53 = SR —atmT—od
Let = = =j where j= and =
Vor—w® =T 40" —x* Wa v=1 Wd VT =X
Hence, i(t) = + )
-t fud_: A i (wd_r
gmhN A & A €
i(t) =
-=r | \ [elwarf sg=fwgst , ¢/ dl wgmiugt
g™ [!.,5&1 + &) g—] + 14 - &) {_~, }]

i(t) =
e [ + Ag)cosmgt +1 (4 —Ag)sinagt ]

im=

e~% (P, cosmgt +Byanwat)
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TWO PORT NETWORKS

Generally, any network may be represented schematically by a rectangular box. A network may be
used for representing either Source or Load , or for a variety of purposes. A pair of terminals at
which a signal may enter or leave a network is called a port. A port is defined as any pair of terminals
into which energy is withdrawn ,or where the network variables may be measured .One such
network having only one pair of terminals (1-1')is shown figure 1.1.

Network

to— Tt wg bo1— 2>
[nputy y Output
port ! 2
¢ —e———1ag” bet— e

g =

Figure 1.1

A two-port network is simply a network a network inside a black box, and the network has only two
pairs of accessible terminals; usually one one pairs represents the input and the other represents the
output. Such a building block is very common in electronic systems, communication system,
transmission and distribution system. fig 1.1 shows a two-port network,or two terminal pair
network,in which the four terminals have been paired into ports 1-1’ and 2-2’.The terminals 1-1’
together constitute a port. Similarly, the terminals 2-2’ constitute another port. Two ports
containing no sources in their branches are called passive ports ; among them are power
transmission lines and transformers. Two ports containing source in their branches are called active
ports. A voltage and current assigned to each of the two ports. The voltage and current at the input
terminalsare _ and . ; whereas and are entering into the networkare , ,and , .Two
of these are dependent variable, the other two are indepent variable. The number of possible
combinations generated by four variable, taken two at time, is six. Thus, there are six possible sets of
equations describing a two-port network.

OPEN CIRCUIT IMPEDANCE (Z) PARAMETERS

A general linear two-port network is shown below in figure 1.2.

The z parameters of a two-port network for the positive direction of voltages and currents may be
defined by expressing the port voltages .and _in terms of the currents . and .. Here .and
are two dependent variables and _and _are two independent variables.
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Figure 1.2
The voltage at port 1-1’ is the response produced by the two currents _ and _

thus

are the network functions, and are called impedance(Z) parameters, and are
defined by equations 1.1 and 1.2.

These parameters also can be represented by Matrices .

We may write the matrix equation [V] = [Z][I]

where Vis the column matrix=[ _]

7 trix = 211 51:]
IS a square matrix = 7:1 ?;;

and we may write  in the column matrix == ]

Thus,[ 1= [ 1]

The individual Z parameters for a given network can be defined by setting each of the port
currents equal to zero. suppose port 2-2’ is left open circuited, then  =0.

Thus =

where
244 1sthe driving point impedance at port 1 — 1'with port 2 -
2'open circuited. It iz called the open circuit input impedance.

similarly,

where
Zo4 13 the transfer impedanceat port1l — 1'withport2 -
2'open circuited. It iz called the open circuit forward transfer impedance



Suppose port 1-1’ is left open circuited, then _=0.

Thus, =

where
217 isthe transfer Impedanceatport 2 — 2" withport 1 -
1'open circuited. It iz called the open circuit reverse transfer impedance

similarly,

where
Z,; 1z the open circuitdriving point Impedance at port 2 — 2'withport 1 —
1'open circuited, It iz also called the open circuit output impedance

.The equivalent circuit of the two-port networks governed by the equations 1.1 and 1.2 ,i.e. open
circuit impedance parameters as shown below in fig 1.3.

— /4 e “
1 2"‘
T 11 Zy T
V1 VZ
| Zioky P VL
1 z
Eie 1€ 2
Figure 1.3

If the network under study is reciprocal or bilateral, then in accordance with the reciprocity principle

% ¥
—lz2=0 = Hh=0
"y &

or

Zn= Iy

It is observed that all the parameters have the dimensions of impedance. Moreover, individual
parameters are specified only when the current in one of the ports is zero. This corresponds to one
of the ports being open circuited from which the Z parameters also derive the name open circuit
impedance parameters.

Problem 1.1



Find the Z parameters for the circuit shown in Figure 1.4

LSO S

Vo PR T A oA
Sas AR eA ;. : -~ P23 ”‘9«',,,‘,
F A5
»& ’5 x&/
-~ ®
LIPS X 3 ~n
LS ’ : . b WO
it A v 3 v > '»z,.‘*
LIS AR G 3 . A % D < L TR VY
EE Y SO % 2 ° < < : £Re IS EN S %ol ;
% X v 3 2 . X B R L . G R
C A s . o % R b S -~ A eg e A s N v g S v
< % N A A G @ TRy AT, PR S
Forw LA CSEMA S arr s o
St ;-,.>..~ U X SN K AR T . ""\f\,“.v ~~¢.<&“*'~
i RN <Ny V. c e M iy 4 %
- PSR SR OO S AN R IO v.fg\,.\"'\“'--a,,,,,‘ I
SR | e I SR > ki S R R T Tt sy B T by bR S
\0‘\<,>: shs 3o \.,\<\>,"“°v BN ’““ PR A e T
A A Y S, o A i .:‘%'4, *’:":7-..;3‘°A"’~...,:v’°’\-.
N A REAE ST e A Sarong T S Y A A
-~ Lo 22 ) LY >’v:"/\ . "'*v«,h,“ . L ]
o TR N P SR IR ] L I SRR e i e
R o IR Tt ey CIE R I ] Bl SR
SN e ~ . FTS e Ao ey ooy o cw
"’°s,.., R TR XS D | Y ey TN o e 0 N R X v > SN & o
3 A X 4,.,0" LR T LR R Yo R ¥ o _ v
T B ® N oq . ;i CREIER 3G s o roy R A o 25 ST P C IS S
P AR N e A A g LN XN g 4 i S
> a A c e . e
P ERLT WA CR X 4 PEAR DR 5 > < o
B < 5 Gas> . . .o N e v o
Yora & RS ERE T Y MR e TR
e o FERA 5 3TN TR N A O P R
oA % ¢ B 3 ~ ~ @
® < g * . 2
- - L) RRCHRYRELS 45 238 Ly Xy oages
Feoteox o, A T e 2R AN A¥e Atz ST P ERR: ok
“ koA ¥ L R i oA Noaca g LR 2 Yreax .

Figure 1.4

Solution The circuit in the problem is a T network. From

Vi=Zyl +2;0;

When port b-b’ is open circuited,

T
"1

I,

Where ¥ =1z +z2)
: -)

Where n 2y =2

When port a-a’ is open circuited, _ =0

where and

It can be observed that -
principle of reciprocity.

Egs 16.1 and 16.2 we have

and V; = 22111 ‘PZ::[:

, so the network is a bilateral network which satisfies the

SHORT-CIRCUIT ADMITTANCE (Y) PARAMETERS
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Linsar
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Figure 1.5

A general two- port network which is considered in Section 16.2 is shown in Fig 16.5The Y
parameters of a two- port for the positive directions of voltages and currents may be defined by
expressing the port currents .and .in terms of the voltages and ..Here ,. aredependent
variables and _and _are independent variables. _ may be considered to be the superposition of
two components, one caused by .,and the other by

Thus,
et sttt b et ene 1.3
Y1011 = /AU 14
, _ and are the network network functions and are also called the admittance

parameters. They are defined by Eqs 16.3 and 16.4. These parameters can be represented by
matrices as follows

[11=[Y1LV]

] andV =]

L2 =[ _

1

[z )= I 1

The individual Y parameters for a given network can be defined by setting each port voltage to
zero. If we_let be zero by short circuiting port 2-2’ then

= _=0

is the driving point admittance at port 1-1’, with port 2-2" short circuited.lt is also called the
short circuit input admittance.

is the transfer admittance at port 1-1’, with port 2-2’ short circuited.lt is also called the short
circuited forward transfer admittance. If we let  be zero by short circuiting port 1-1’,then



is the transfer admittance at port 2-2’, with port 1-1’ short circuited. It is also called the short
circuited reverse transfer admittance.

- is the short circuit driving point admittance at port 2-2’, with port 1-1’ short circuited. It is also
called the short circuited output admittance.The equivalent circuit of the network governed by
equation 1.3 & 1.4 is shown in figure 1.6.

-
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1 2

i
»} W[ D[]

W

Figure 1.6
If the network under study is reciprocal or bilateral, then in accordance with the reciprocity principle

I I
=lm=0 = =0
RiE

g

It is observed that all the parameters have the dimensions of admittance. Moreover, individual
parameters are specified only when the voltage in one of the ports is zero. This corresponds to one
of the ports being short circuited from which the Y parameters also derive the name short circuit
admittance parameters.

Problem 1.2 Find the Y-parameters for the network shown in Fig.1.7

a —AAN AAN ' b
. T h 10 ; b
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V1 G ZQ § 4Q V2
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Figl.7

Solution :

When b- s short circuited, _

=0 and the network looks as shown in Fig. 1.8(a)

AVAVAV AVAVAY. E ] b
T “h 10 iy 2
Vi — Zeq 28 Vo=0
4 5 R . o bl
Fig.1.8(a)

_=0

When b- i57is short circuited, - &, ]1 b q

so,- =
L —

and = =0 =-
Vo & o, Z

similarly, when port a- is short circuited,

a’

Lo

=0 and the network looks as shown in Fig. 1.8(b)



LS -~ b
a NN AVAVAY
1Q 20 T
Vil gzg §4Q Vo -— Zod
al
_ where is the equivalent impedance as viewed from b-
= t=0=¢
= + =0

S
—
(R

with a-2" is short circuited , - I=

Since, =5
. &z
- 9
- = 5 =
L x 3 ¥
-~ 5 g =
SO, = =-
- 1 i
Yiz — -

Transmission (ABCD) parameters




Figure 1.9

Transmission parameters or ABCD parameters are widely used in transmission line theory and
cascaded networks. In describing the transmission parameters, the input variables and at port
1-1’, usually called the sending end are expressed in terms of the output variables ,and '_at port
2-2’, called, the receiving end.The transmission parameters provide a direct relationship between
input and output.Transmission patameters are also called general circuit parameters, or chain
nparameters. They are defined by

...................................................................................... 1.6

The negative sign is used with ~ , and not for the parameter B and D. Both the port currents  angd -

. are directed to the right, i.e. with a negative sign in equation a and b the currents at port 2-2’
which leaves the port is designated as positive.The parameters A,B,C and d are called Transmission
parameters. In the matrix form, equation a and b are expressed as ,

The matrix is called Transmission Matrix.

For a given network, these parameters can be determined as follows. With port 2-2’ open circuited

i.e. _ =0;applying avoltage . atthe port 1-1’, using equ a, we have
Ve pA
A=:_‘]1;=@ and Cs£rla=0
hence, = = =0 =

= —" Iy=0 galis
1/Ais called the open circuit voltage gain a dimension less parameter. And =

- 1
= Yo
= T ta=0 Zli;

=0 is called open circuit transfer impedance. with port 2-2" short circuited, i.e‘.‘ . =0, applying
voltage v, atport 1-1’ from equn . b we have
-B= and-D =

= =0 Llp, = il

I - i ¥2



vo =0 ¥, i- =0iscalledshortcircuit transfer admittance

- = =0 is called short circuit current gain a dimension less parameter.

Problem 1.3

Find the transmission or general circuit parameters for the circuit shown in Fig.1.10

o e
4 | | f
Vi 5Q Vo
. b
: b

Solution : From Equations 1.5 and 1.6, we have

Vl = ."‘i‘l"?: o Blt:

when b-b’ is open circuitedi.e. _ =0, we have
A= -
where : = :and - = + andhence, A=

i
C= - =:
when b-b’ is short circuited i.e. _=0, we have
B=- and D =- -

In the circuit,- = = - andso, B=

Fig. 1.10



similarly, , =._ , and- _=_.

and hence D = _

Hybrid parameters

Hybrid parameters or h-parameters find extensive use in transistor circuits. They are well suited to

transistor circuits as these parameters can be most conveniently measured. The hybrid matrices

describe a two-port network, when the voltage of one port and the current of other port are taken

as the independent variables. Consider the network in figure 1.11.

If the voltage at port 1-1’ and current at port 2-2’ are taken as dependent variables,we can

express them in terms of _ and

1 Il Iz +
+o——> 1 eg bel—— 39

[npm V. V. Oulput

port ! 2 port

N R bet—s7
Figure 1.11
from equation a and b the individual h parameters may be defined by letting _ and

when _ =0,the port 2-2’ is short circuited.

Then = =0 = short circuit input impedance.

= _  ==0=short circuit forward current gain

Similarly, by letting port 1-1’ open,

= - =0 = open circuit reverse voltage gain



= * =0 = open circuited output admittance

Since h-parameters represent dimensionally an impedance, an admittance,a voltage gain and a
current gain, they are called hybrid parameters .An equivalent circuit of a two-port network in terms
of hybrid parameters is shown below.

t - haq 11. T
Vi | <,l> " | B2 '“iz |

l 1 Vs

Figure 1.12

Problem 1.4

Find the h-parameters of the network shown in Fig 1.13.

. 26 v b o]

Vi . sq. o P ow

Fig.1.13
Solution :

From equations 1.7 and 1.8, we have

= _ - =0;

-:0,' = - = -=0

If port b- : is short circuited, _ =0and the network looks as shown in Fig. 1.14(a)
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Fig.1.14(a)

= = :0’

is the equivalent impedance as viewed from porta-  is 2Q
so, Vi=RV

= =20
By =

=" =0when =0;- = and hence =

I ) i I % E

w1 g e T = 2 = 2

If porta- isopen circuited, =0 and the network looks as shown in Fig. 1.14(b) then

. ly

s NVN—
i e 20 ,

Vi gzn ?49

Fig.1.14(b)

bl



INTER RELATIONSHIPS OF DIFFERENT PARAMETERS

Expression of z parameters in terms of Y parameters and vice-versa

From equations 1.1,1.2,1.3 & 1.4, it is easy to derive the relation between the open circuit
impedance parameters and the short circuit admittance parameters by means of two matrix

equations of the respective parameters. By solving equation aand b for and , we get
- ;and _ -

where _ isthe determinant of Z matrix

In a similar manner, the z parameters may be expressed in terms of the admittance parameters by
solving equations 1.3 and 1.4 for  and

; and - -

where . isthe determinant of Y matrix



.......................................................................... 1.12
comparing equations 1.11 and 1.12 with equations 1.1 and 1.2 we have



General Circuit Parameters or ABCD Parameters in Terms of Z parameters

and Y Parameters

We know that

11 = &11\(1 + Y- :V:

- ’

I. =CV;-D), ; ; = ‘1’31\-’1 +‘I-::’1r":

e e
B=- T =0;D= T|ip=1

’ r-. 7 J; ]:

Substituting the condition _ =0in equations 1.1 and 1.2 we get

A= =

Substituting the condition =0 in equations 1.4 we get,

Ve Yas
A = T: ]; = 0 = ;
Substituting the condition =0 in equations 1.2 we get

C=

1 1
—_ I: =0 —
Substituting the C(z)ﬁdition =0 in equation 1.3 and 1.4 and solving for gives

o Yo
I, Va —11 —52
Where is the determinant of the admittance matrix =
A
= =C
Hr-o =
Substituting the condition =0in equations 1.4, we get
=- =B )
Yal i
_'.=| Vo= 0 -
): = Yze
Substituting the condition =0in equation 1.1 and 1.2 and solving for gives

Where _ is the determinant of the impedance matrix



Substituting the condition _ =0in equation 1.2 we get,

W=t -

Substituting the condition _ =0in equations 1.3and 1.4
we get

-1 —

™ . = =D

Tand representation

A two-port network with any number of elements may be converted into a two-port three-
element network. Thus, a two-port network may be represented by an equivalent T-

network, i.e. three impedances are connected together in the form of a T as shown in figure
1.15.

1 T T f"'—'} + 2
| Za Zb ~ 12
[
11 o —

2’

Figure 1.15

It is possible to express the elements of the T-network in term of Z parameters,or
ABCD parameters as explained below.

Z parameters of the network

"Pf

Zy ML =0 =I;+Z;
“= =0 =
v _

fn T I: L




W,
Z4;

From the above relations, it is clear tl%‘at

Z, =2y 2y

Z, =2 2y
2, =213 2y
ABCD parameters of the network

A = = 0 =
v, I ZS ’!'ZC
B _ .‘.: 2 _ 0 2.,

=%,
T N
When J is short circuited

Vile
B ZblctBas+ic)

(Za’-zb.) Egﬂ
C= =0 ="F
B, 2
D="*% =0 -

-J,!
VA
Whe)ﬁ - is short circuited

—1, bt
D=_ 23"‘2.—

zh-zs
From tﬁ?e above relations we can obtain

7

A-1 D-1
C

IS

N
~]

— Ly —

il

Problem :1.6



The Z parameters of a Two-port network are , = =5Q.
Find the equivalent T network and ABCD Parameters.

Solution :

The equivalent T network is shown in Figure 1.16

where = - =50

The ABCD parameters of the network are

A= +1=2;B=( )+ =250
C= z.=0.02; D=1 =3
In a similar way a two-port network may be represented by an equivalent - network,

i.e. three impedances or admittances are connected together in the form of as shown
in Fig1.17.

Ze Z,




Fig. 1.16 Fig.1.17

It is possible to express the elements of the  -network in terms of Y parameters or

ABCD parameters as explained below.

Y-parameters of the network

o )
11 = — ‘.; =0 =¥ +3
= - =0 =-
— I
i = i
21 A R 2
= :0 = +
- b
Tz 3w Yz ¥z
= L]
T 1% =2
vs

Writing ABCD parameters in terms of Y parameters yields the following results.



9.1 CLASSIFICATION OF FILTERS

A filter is a reactive network that freely passes the desired band of frequencies while almost
totally suppressing all other bands. A filter is constructed from purely reactive elements, for
otherwise the attenuation would never becomes zero i n the pass band of the filter network. Filters
differ from simple resonant circuit in providing a substantially constant transmission over
the band which they accept; this band may lie between any limits depending on the design.
Ideally, filters should produce no attenuation in the desired band, called the transmission
band or pass band, and should provide total or infinite attenuation at all other frequencies,
called attenuation band or stop band. The frequency which separates the transmission
band and the attenuation band is defined as the cut-off frequency of the wave filters, and
is designated by fc

Filter networks are widely used in communication systems to separate various voice
channels in carrier frequency telephone circuits. Filters also find applications in instrumentation,
telemetering equipment etc. where it is necessary to transmit or attenuate a limited range of
frequencies. A filter may, in principle, have any number of pass bands separated by attenuation
bands.However, they are classified into four common types, viz.low pass, high pass, band pass and
band elimination.

Decibel and neper

The attenuation of a wave filter can be expressed in decibels or nepers.Neper is defined as the
natural logarithm of the ratio of input voltage (or current) to the output voltage (or current),
provide that the network is properly terminated in its characteristic impedance Z ¢.

I l2

e preea————

V, Two Port Vo

Fig .9.1 (a)

From fig. 9.1 (a) the number of nepers, N=log e [V1/V2] or loge [11/12]. A neper can also be

expressed in terms of input power,P1 and the output power P2 as N=1/2 loge P1/P2. A decibel is
defined as ten times the common logarithms of the ratio of the input power to the output
power.

Decibel D=10 log10P1/P2



The decibel can be expressed in terms of the ratio of input voltage (or current) and the output
voltage (or current.)

D=20 log10[V1/V2] =20 logio[l1/12]

* One decibel is equal to 0.115 N.
Low Pass Filter

By definition a low pass (LP) filter is one which passes without attenuation all frequencies up
to the cut-off frequency fc¢, and attenuates all other frequencies greater than fc .The attenuation
characteristic of an ideal LP filter is shown in fig.9.1(b).This transmits currents of all frequencies
from zero up to the cut-off frequency. The band is called pass band or transmission band.Thus,the
pass band for the LP filter is the frequency range 0 to fc.The frequency range over which
transmission does not take place is called the stop band or attenuation band. The stop band for a LP
filter is the frequency range above fc.

T S Attenuation T Attenuation
o | Band o Pass
Band Band Band
fe —= fe—F
Low Pass Filter High Pass Filter
o | Attenuation| pagg Attenuation o |Pass | Attenuation | Pass
Band Band Band Band | Band Band
f1 f2 e f‘l 4r f
2

Band Pass Filter Band Elimination Filter

Fig.9.1 (b)

High Pass Filter

A high pass (HP) filter attenuates all frequencies below a designated cut-off frequency, fc, and
passes all frequencies above fc . Thus the pass band of this filter is the frequency range above fc, and

the stop band is the frequency range below fc . The attenuation characteristic of a HP filter is shown
in fig.9.1 (b).

Band Pass Filter



A band pass filter passes frequencies between two designated cut-off frequencies and
attenuates all other frequencies. It is abbreviated as BP filter. As shown in fig.9.1 (b), a BP filter has
two cut-off frequencies and will have the pass band f2 — f1; f1 is called the lower cut —off

frequency, while f2 is called the upper cut-off frequency.
Band Elimination filter
A band elimination filter passes all frequencies lying outside a certain range, while it

attenuates all frequencies between the two designated frequencies. It is also referred as band stop
filter. The characteristic of an ideal band elimination filter is shown in fig.9.1 (b). All frequencies

between f1 and f2 will be attenuated while frequencies below f1 and above f2 will be passed.

9.2 FILTER NETWORKS

Ideally a filter should have zero attenuation in the pass band. This condition can only be
satisfied if the elements of the filter are dissipationless.which cannot be realized in practice. Filters
are designed with an assumption that the elements of the filters are purely reactive. Filters are
made of symmetrical T, or it section. T and 1t section can be considered as combination of
unsymmetrical L sections as shown in Fig.9.2.

40 Z1 Ly 4
> > > >
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(a) (b)
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— 3 =
22, [J] 27, LJ 22, [ J 225
7777 S Boep @ /
Fig. 9.2

The ladder structure is one of the commonest forms of filter network. A cascade
connection of several T and 1t sections constitutes a ladder network. A common form of the ladder
network is shown in Fig.9.3.

Figure 9.3(a) represents a T section ladder network, whereas Fig.9.3 (b) represents the it
section ladder network. It can be observed that both networks are identical except at the ends.
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Fig. 9.3

9.3 EQUATIONS OF FILTER NETWORKS

The study of the behavior of any filter requires the calculation of its propagation constant VY,
attenuation a, phase shift § and its characteristic impedance Z ¢.

T-Network

Consider a symmetrical T-network as shown in Fig. 9.4.

_gL Z4
! e AVAVAY A /\2/\ ,—.2
22 Zo
17 %

Fig.9.4

If the image impedances at port 1-1' and port 2-2' are equal to each other ,the image
impedance is then called the characteristic, or the iterative impedance, Z ¢ .Thus, if the network
in Fig.9.4 is terminated in Z ¢, its input impedance will also be Z ¢. The value of input impedance
for the T-network when it is terminated in Z g is given by



Zin = ? -t Zl ;
also Zin =23
b
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The characteristic impedance of a symmetrical T-section is

ZZ :
4
(9.1)
Zot can also be expressed in terms of open circuit impedance Zoc and short circuit impedance
Z sc of the T — network . From Fig. 9.4, the open circuit impedance Z oc=2Z71/2+Z 2 and

1
A Z, > X Zs
feaTmip R
2‘ +Zz
Z Lozt +az,7,
i 2Z, +4Z,
Z2

Z()c PaS Zsc 3 g ZIZZ =t T

(9.2)
Propagation Constant of T- Network

By definitation the propagation constant Y of the network in Fig.9.5 is given by ¥ = log e 11/12



Writing the mesh equation for the 2nd mesh, we get
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The characteristic impedance of a T — network is given by

Zi
Zor = \/'4_1 + 27,
(9.4)

Squaring Esq. 9.3 and 9.4 and subtracting Eq.9.4 from Eq.9.3, we get
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Rearranging the above equation, we have

e Y(e® +1—2e7) = <1,
zr

(e¥ +e ¥ —2) = =1

Z5

Dividing both sides by 2, we have

e’ e Zy
2 22,
Zl

coshy =1+

2Z,
(9.5)

Still another expression may obtained for the complex propagation constant in terms of the
hyperbolic tangent rather than hyperbolic cosine.
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Dividing Eq.9.6 by Eq.9.5, We get
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Consider asymmetrical it —section shown in Fig. 9.6. When the network is terminated in Z ¢ at port

2-2"its input impedance is given by
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Rearranging the above equation leads to

Zn = lez
0 N1+2,/42,

which is the characteristic impedance of a symmetrical mr-network,

2,2,

:ZO'rr = gz

ZZ
Zop = \/—‘-4'— + Z,Z,

(9.8)

From Eq. 9.1

_ 4z

=
Oar Zor

(9.9)



Z or can be expressed in terms of the open circuit impedance Z oc and short circuit
impedance Z sc of the it network shown in Fig.9.6 exclusive of the load Z ¢.

From Fig.9.6, the input impedance at port 1- 1" when port2 — 2'is open is given by
2Z,(Z,+2Z,)
Z, +4Z,

ZOC

Similarly, the input impedance at port 1 - 1" when port 2 — 2'is short circuit is given by

22,23
s o

AZiZ25 wnoeo B

Hence <Z,.%xZ, = - —
‘ Z, +4Z, 14+ 2,/4Z,

Thus from Eq. 9.8

Zy =Zo. Z

€13 “0¢ -='sc

(9.10)
Propagation Constant of m — Network
The propagation constant of a symmetrical t — section is the same as that for a symmetrical T

— Section.

: Z
i.e. cosh y = 14—

3
A

9.4 CLASSIFICATION OF PASS BAND
AND STOP BAND

It is possible to verify the characteristics of filters from the propagation constant of the network. The
propagation constant Y, being a function of frequency, the pass band, stop band and the cut-off

point, i.e. the point of separation between the two bands, can be identified. For symmetrical T or t
— section, the expression for propagation constant Y in terms of the hyperbolic functions is given by

Egs 9.5 and 9.7 in section 9.3. From Eq.9.7,sinh ¥/2 =V(Z 1 /4Z3) .

If Z1 and Z2 are both pure imaginary values, their ratio, and hence Z1 /472, will be a pure real

number. Since Z1 and Z2 may be anywhere in the range from -ja to +ja , Z1 / 4Z2 may also have any



real value between the infinite limits . Then sin h ¥Y/2 =VZ 1 /v4Z; will also have infinite limits,
but may be either real or imaginary depending upon whether Z1 / 4Z; is positive or negative.

We know that the propagation constant is a complex function Y = a+jB , the real part of the
complex propagation constant a , is a measure of the change in magnitude of the current or voltage
in the network ,known as the attenuation constant . B is a measure of the difference in phase
between the input and output currents or voltages. Known as phase shift constant Therefore a and

B take on different values depending upon the of Z1/ 473 . From Eg.9.7, We have

sinh ¥ = sinh[—oi +1~[-3—] = sinhgcosE +jcoshgsin9—
2 20t 2 D ek 2. @

Z)
47,

(9.11)
Case A
If Z1 and Z7 are the same type of reactances, then [Z1/ 4Z2 ] is real and equal to say a+x .

The imaginary part of the Eq. 9.11 must be zero.

cosh - sin—=0
2 2

(9.12)
sinh o CcOSs E =2
2 2
(9.13)

and B must satisfy both the above equations.

Equation 9.12 can be satisfied if B/2 =0 or nit, where n=0, 1, 2,....., then cos B/2 = 1 and sinh a/2= x
=V(Z1/4Z2)

That x should be always positive implies that

- -

>0 and a=2sinh”’




Since a #0, it indicates that the attenuation exists.
CaseB

Consider the case of Z1 and Z2 being opposite type of reactances, i.e. Z1 / 422 is negative,,
making V Z1 / 4Z2 imaginary and equal to say Jx

*The real part of the Eq.9.11 must be zero.

sinh il cos E =0
2 2
(9.15)

B

s
cosh —sin— = x
2 2
(9.16)

Both the equations must be satisfied simultaneously by a and B. Equation 9.15 may be
satisfied when a =0, or when B = . These conditions are considered separately hereunder

When a = 0; from Eq. 9.15, sinh a/2 =0.and from Eq.9.16 sin B/2 = x =V(Z1/ 4Z2) . But the sine
can have a maximum value of 1. Therefore, the above solution is valid only for negative Z1 / 422
and having maximum value of unity. It indicates the condition of pass band with zero attenuation
and follows the condition as

“)

— 1

= 0O
-2

_Z
az,

B = 2sin!
(9.17)

(ii) When B =i, from Eq.9.15, cos B/2 = 0. And from Eq.9.16, sin B/2 =+ 1; cosh a/2 =x =V (Z1 / 422)

Since cosh a/2 > 1, this solution is valid for negative Z1 / 4Z2 ,and having
magnitude greater than, or equal to unity. It indicates the condition of stop band since a # 0.

— Zl -
a< —< —1
az,
o = 2cosh ! <

(9.18)

It can be observed that there are three limits for case A and B. Knowing the values of
Z1and Z2, it is possible to determine the case to be applied to the filter. Z1 and Z7 are made of
different types of reactances, or combinations of reactances, so that, as the frequency changes, a

filter may pass from one case to another. Case A and (ii) in case B are attenuation bands, whereas (i)
in case B is the transmission band.



The frequency which separates the attenuation band from pass band or vice versa is
called cut-off frequency. The cut-off frequency is denoted by fc, and is also termed as nominal
frequency. Since Zg is real in the pass band and imaginary in an attenuation band, fcis the
frequency at which Zg changes from being real to being imaginary. These frequencies occur at

= L
== 0 Zy =0
az, gl 9.18(a)
7
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2 9.18 (b)

The above conditions can be represented graphically, as in Fig.9.7.
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Fig. 9.7

9.5 CHARACTERISTIC IMPEDANCE IN
THE PASS AND STOP BANDS

Referring to the characteristic impedance of a symmetrical T-network, from Eq. 9.1 We have

g 7
y AR B Ly S A | B M
0r 4 1542 \ 142 422

If Z1 and Z3 are purely reactive, let Z1 = jx1 and Z2 = jx2 , then



Zor = [~ XXy | 14+—=
4x,
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(9.19)

A pass band exists when x1 and x2 are of opposite reactances and

X

im0 €)
4x,

—1<

Substituting these conditions in Eq. 9.19, we find that ZoT is positive and real. Now consider
the stop band. A stop band exists when x1 and x2 are of the same type of reactances; then x1/4x2 >
0. Substituting these conditions in Eq. 9.19, we find that ZoT is purley imaginary in this attenuation
region. Another stop band exists when x1 and x 2 are of the same type of reactances, but with x1/4x2
<-1.Then from Eq.9.19, ZoT is again purly imaginary in the attenuation region.

Thus, in a pass band if a network is terminated in a pure resistance Ro(ZoT = Ro), the input
impedance is Ro and the network transmits the power received from the source to the Ro
without any attenuation. In a stop band Zor is reactive. Therefore, if the network is terminated in
a pure reactance ( Zo = pure reactance), the input impedance is reactive, and cannot receive or

transmit power. However, the network transmits voltage and current with 90° phase difference
and with attenuation. It has already been shown that the characteristics impedance of a symmet

rical - section can be expressed in terms of T. Thus, from Eq.9.9,Zor = Z1Z2/Z0T .

Since Z1 and Z3 are purely reactive, Zor is real, if Zot is real and Zox is imaginary if Zot
is imaginary. Thus the conditions developed for T — section are valid for it — sections.

9.6 CONSTANT -K LOW PASS FILTER

A network, either T or m, is said to be of the constant — k type if Z1 and Z2 of the network satisfy the
relation

212 2= K?
(9.20)

Where Z1 and Z2 are impedances in the T and 1t sections as shown in Fig.9.8.Equation 9.20 states

that Z1 and Z are inverse if their product is a constant, independent of frequency. K is a real
constant that is the resistance. k is often termed as design impedance or nominal impedance of the
constant k — filter.



The constant k, T or it type filter is also known as the prototype because other more complex
network can be derived from it. A prototype T and it — section are shown in
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Fig.9.8

Fig.9.8 (a) and (b), where Z1 = jwLand Z2 =1/ jwc . Hence Z1Z2 =L /C = k% which

is independent of frequency.

22y = k= ol 1) A E
C \c
(9.21)

Since the product Z1 and Zz is constant, the filter is a constant — k type. From Eq.9.18 (a) the

cut-off frequencies are Z1 /422 =0,

i.e. ~w’LC i
= -
i.e / — 0 and —{'7: 1
Z5
—w’LC X
- =
: 1
or T P
N LC
(9.22)

The pass band can be determined graphically. The reactances of Z1 and 427 will vary with
frequency as drawn in Fig.9.9.The cut-off frequency at the intersection of the curves Z1 and -4z3 is
indicated as fc . On the X — axis as Z1 = -4Z> at cut-off frequency, the pass band lies between the

frequencies at which Z1=0, and Z1=- 42> .
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All the frequencies above fc lie in a stop or attenuation band, thus, the network is called a
low- pass filter . We also have from Eq.9.7 that
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The plots of a and B for pass and stop bands are shown in Fig.9.10



Thus, from Fig. 9.10, a =0, B = 2 sinh ™ (f /fc ) for f < fc

=2cosh™ (f/fc); B=mforf>fc
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The characteristics impedance can be calculated as follows

Zoy = JZ,Z [ e 422 ]
\[ o> LC]
C 4
y /3
= G oY Sy (N7
i [f]

(9.23)

From Eq.9.23, ZoT is rael when f< fc, i.e.in the pass band at f = fc, Zot; and for f > fc, ZoT is
imaginary in the attenuation band, rising to infinite reactance at infinite frequency . The variation
of Zot with frequency is shown in Fig.9.11
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Fig.9.11
Similarly, the characteristics impedance of a m — network is given by
T o k
Low. T3 R = e
el
Je

(9.24)

The variation of Zon with frequency is shown in Fig.9.11 . For f<fc, Zonis real ; atf=fc, ZoTis
infinite , and for f > fc , Zor is imaginary . A low pass filter can be designed from the specifications
of cut-off frequency and load resistance.

At cut-off frequency, Z1 = - 422

—4
Jap == =
Jw C

w2f2LC = 1

Also we know that k = L/ C iscalled the design impedance or the load resistance

W f
k- — —‘-
C
w2 k2C? = 1
, 1 ) . :
C = —— gives the value of the shunt capacitance
wf k
hily VN ; ELR
and L=k"C= —/— gives the value of the series inductance.
(3

Example 9.1.

Design a low pass filter (both mand T — sections ) having a cut-off frequency of 2 kHz
to operate with a terminated load resistance of 500 Q..

solution. It is given that k = V(L /C) =500 Q, and fc = 2000 Hz
we know that L = k/mfc =500/3.14 x 2000 = 79.6 mH

C=1/nfck=1/3.14.2000.500 = 0.318 pF



The T and nt— sections of this filter are shown in Fig.9.12 (a) and (b) respectively
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Fig.9.12
Constant K — high pass filter can be obtained by changing the positions of series and shunt arms of
the networks shown in Fig.9.8.The prototype high pass filters are shown in Fig.9.13,where 71 = -j/w
cand Zz =jwlL.
2:C 2C C
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Z4 Z4 Z1
2 2
L 22 2L R 22, 2L R 22
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Fig.9.13

Again, it can be observed that the product of Z1 and Z is independent of frequency, and

the filter design obtained will be of the constant k type .Thus, Z1Z2 are given by

-~ 3] Ly s
2Z2,=——jol=—=k
1420 o J C

b

C

The cut-off frequencies are given by Z1 =0and Z2 = -42; .

Z1=0indicates j/wC=0,0orw > a



From Z1=-47
-j/wC=-4jwlL

wllC=1/4

l

41r\[L-C

or /( =
(9.25)

The reactances of Z1 and Z are sketched as functions of frequency as shown in Fig.9.14.
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Fig.9.14

As seen from Fig.9.14, the filter transmits all frequencies between f = fc and f = a. The point fc
from the graph is a point at which Z1=-42; .

From Eq.9.7,
sinh 2 = i chionetn.
2 4z, 4w’ LC

From Eq. 9.25,



4 LC
VLC = 1 -
A4t/

~(4m’ () _ ] )

dw” /

In the pass band, -1< Z1/4Z2 <0, o= 0 or the region in which fc / f< 1is a pass band B = 2 sin -1 (fc/
f)

In the attenuation band Z1/4Zx<-1,i.efc/f>1

sinh i
2
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Fig.9.15
The plots of a and B for pass and stop bands of a high pass filter network are shown in Fig.9.15.

A high pass filter may be designed similar to the low pass filter by choosing a resistive load r
equal to the constant k , such that R = k =VL/C
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The characteristic impedance can be calculated using the relation
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Similarly, the characteristicimpedance of a m — network is given by

ZoTt
Zy ZO'n' =
T K e o O B i o i i s e
Zor %
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(9.26)
Fig.9.16

The plot of characteristic impedances with respect to frequency is shown in Fig.9.16.

Example 9.2.



Design a high pass filter having a cut-off frequency of 1 kHz with a load resistance
of 600 Q.

Solution. Itis given that R L= K =600 Q and fc =1000 Hz
L =K /4nfc=600 /4 x mx 1000 = 47.74 mH

= 1/4nkfc = 1/4nt x 600 x1000 = 0.133 puF The

T and it — sections of the filter are shown in Fig.9.17.

2C = 0.266 pF 2C = 0.266 pF C = 0.133 puF
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Fig.9.17

9.8 m - DERIVED T - SECTION FILTER

It is clear from Figs.9.10 and 9.15 that the attenuation is not sharp in the stop band for k-type

filters. The characteristic impedance, Zo is a function of frequency and varies widely in the
transmission band. Attenuation can be increased in the stop band by using ladder section, i.e.by
connecting two or more identical sections. In order to join the filter sections, it would be necessary
that their characteristic impedances be equal to each other at all frequencies. If their characteristic
impedances match at all frequencies, they would also have the same pass band . However,
cascading is not a proper solution from a practical point of view .

This is because practical elements have a certain resistance, which gives rise to
attenuation in the pass band also. Therefore, any attempt to increase attenuation in stop band by
cascading also results in an increase of ‘a’ in the pass band .If the constant k section is regarded as
the prototype, it is possible to design a filter to have rapid attenuation in the stop band, and the
same characteristic impedance as the prototype at all frequencies . Such a filter is called m — derived
filter. Suppose a prototype T — network shown in Fig.9.18(a) has the series arm modified as shown in
Fig.9.18 (b) , where m is a constant . Equating the characteristic impedance of the networks in
Fig.9.18, we have



Z1/2 Z412 mZ4/2 mZ4/2

Z, Z%
(a) (b)
Fig.9.18
Zot =ZoT’

Where Zor ,is the characteristic impedance of the modified (m — derived) T — network.

ZZ 222
".T'-*_Z'Z :J'n4' +)nZlZz'

ZZ ZZZ
422, = -'% +mZ,Z,

22
mZ,Z) = T‘(l —~m*)+Z,Z,

V8 Z
) ==L (l=m?)+ =2
4m m

(9.27)

It appears that the shuntarm Z 'zconsists of two impedances in series as shown in Fig.9.19.

=472 rmr=4/2
e .1 Ve {ecaci il Tol
=z>1lrr

Z 3 (1 —rrr)
adrr?

Fig.9.19



From Eq.9.27,1 - m2/4m should be positive to realize the impedance Z 12 physically,
i.e.0<m<1 . Thus m — derived section can be obtained from the prototype by modifying its series
and shunt arms .The same technique can be applied to it section network. Suppose a prototype m—
network shown in Fig. 9.20 (a) has the shunt arm modified as shown in Fig. 9.20(b).

Z 1 A /1
o [ 7] N e = 203
22, 2, 2Z,/m 22,/m
(a) (b)
Fig.9.20
Zon=Z on

Where Z 'OT[ is the characteristic impedance of the modified (m — derived) t— network.




Squaring and cross multiplying the above equation results as under.

4z/z, + 7,7/

m

(42,2, + mZ|Z)) =

A 47
Z/\|=4-+—2—-—mz, |=42 2z,
m m i

or 7 Ad ZIZ?-
' Z, 3 Z, mZ,
4m m 4

- Z\Z,
7.4 Vs
2 + L 1—-m?)
m 4mn
z2 4m ! Wz Z, 4n:
7/ — I==m" )=\ 7" (1—m~)
=D W el ¥ Z,4
ZZ 4m 2 5 Z]m le 2k 2 "21"
m(l—m~) (1—m")

(9.28)

It appears that the series arm of the m — derived 1 section is a parallel combination of mZ1 and

4mZzy /1 - m? . The derived m section is shown in Fig.9.21.

m — Derived Low Pass Filter

In Fig.9.22 , both m — derived low pass T and mt filter sections are shown. For the T —section shown
in Fig.9.22(a) , the shunt arm is to be chosen so that it is resonant at some frequency fa above

cut-off frequency fc.

If the shunt arm is series resonant ,its impedance will be minimum or zero .Therefore , the
output is zero and will correspond to infinite attenuation at this particular frequency . Thus, at fa

1/mwC=1- m2/4m wr L, where wr is the resonant frequency



mZ,

o =
2Z-5/m :'ﬁ[lL Z> 2Z25/m
© =
Fig.9.21
1-m?
am c
miL/2 mlL/2 s
mc J ;
L
1—-m? moiz = o :Jf mc/2
4m &
(a) (b)
Fig.9.22
o e
(—m>)LC
1
Jr = S

 mJZca—m?)

Since the cut-off frequency for the low pass filter is fc = 1/mvLC

S
Jo = i
1—m?
(9.29)
2
or m= l—[ﬁ-]

(9.30)



If a sharp cut-off is desired,fo should be near to fc. From Eq.9.29,it is clear that for the
smaller the value of m,fq comes close to fc .Equation 9.30 shows that if fc and fq are specified , the
necessary value of m may then be calculated. Similarly, for m — derived 1t section, the inductance
and capacitance in the series arm constitute a resonant circuit . Thus, at fq a frequency
corresponds to infinite attenuation, i.e. at fa

1
mw, L. — >
[1— m ]er
A
U),Z. = > ¢ >
L.C(l —m™)
d 1
Sy = — S
wJLCQ — m?)
Sinc 5% —]
S e, Jo =
o~ LC
Y

/;':_—_——-:/‘\
~f Ve

(9.31)

Thus for both m — derived low pass networks for a positive value of m(0<m< 1), fa > fc.

Equations 9.30 or 9.31 can be used to choose the value of m, knowing fc and fr . After the value of m
is evaluated, the elements of the T or m — networks can be found from Fig.9.22. The variation of

attenuation for a low pass m — derived section can be verified from a = 2 cosh™1vz1/42; for fe<f<
fa . For Z1 = jwL and Z2 = -j/wC for the prototype.

m-

a = 2cosh

and B = 2sin"! il = 25in~" - Je
l»—['/_.Jz(l-wm)2
/

J¢

Figure 9.23 shows the variation of a, B and Zo with respect to frequency for an m — derived
low pass filter.
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Fig.9.23

Example 9.3

Design a m — derived low pass filter having cut-off frequency of 1kHz,
design impedance of 400 Q, and the resonant frequency 1100 Hz.

Solution. k=400 Q, fc =1000 Hz ; fq =1100 Hz

/ 1ooo
=={):
f, \/ 1100 21

Let us design the values of L and C for a low pass , K — type filter (prototype filter).

From Eq.9.30

Thus,
k 400
L = —= = 127.3
/.. ar =< 1000 S
i 1 1
C = = == 0.795 wF

awkf.. ar < 400 <1000

The elements of m — derived low pass sections can be obtained with reference to Fig.9.22.

Thus the T-section elements are



mL  0.416x127.32x1073
= . = 26.48 mH

mC = 0.416 X 0.795 X 106 = 0.33 uF

G s L (0.416)°

- %127.32%10 3 = 63.27 mH
4m 4-0416

The Tr-section elements are

mC  0.416x0.795x10 °
DI 2

— 0.165 pF

1 —m? 1-—(0.416)°
xC =
a4m 4x<0.416

%0.795%10 © = 0.395 pF

mL = 0.416 X 127.32 X 103 = 52.965 mH

The m —derived LP filter sections are shown in Fig.9.24.

52.965 mH

26.48 mH 26.48 mH — BT
.4 0.33 uF & L u

=
il 0395uF | &
- i TS
63.27 mH o S
(a) (b)

Fig.9.24
m — Derived High Pass Filter
In Fig.9.25 both m — derived high pass T and m — section are shown.

If the shunt arm in T — section is series resonant, it offers minimum or zero
impedance.Therefore, the output is zero and, thus, at resonance frequency or the
frequency corresponds to infinite attenuation.



w ——
r 4
m m
W ———=LE
1—m
_4am _,
1—-m?
2CIm 2CIm —" 3000 T
el ) - =
(IR ——
L/m c/m
2L/m
4m c 2L/Im
T 1-—-m? - £ °

(b)

(a)
Fig.9.25
2
Vi e R 1 _1—m

o e L~ 4m 41.C

g vt _,,?C
ml-—m
1—m?>

(9.33)

Similarly,for the m — derived i — section , the resonant circuit is constituted by the series

arm inductance and capacitance . Thus, at fa



Arn 1

] —— mz (’ﬁ)r C
71
o 2
w2 : o (Ui = 1 777
: ‘ 41.C
V1 — m? o of V1 — m?
w —— o —
o 2IILC A~V LC
= [ L _I__ oatth |
! | |
ke | |
AttenluatioL lpass band
Band '
|
I
l
0 | |
—’f,( fc o f
(a)
Fig.9.26

Thus the frequency corresponding to infinite attenuation is the same for both sections.

Equation 9.33 may be used to determine m for a given fq and fc . The elements of the m —
derived high pass T or m — sections can be found from Fig.9.25. The variation of a,  and Zg

with frequency is shown in Fig. 9.26.
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Fig.9.26




Example 9.4.

Design a m-derived high pass filter with a cut-off frequency of 10kHz; design
impedance of 5Q and m = 0.4.

Solution .For the prototype high pass filter,

L= o il = 3.978 mH
4nf. 4xmwx10000 - '°Mm
1 |
= 0.0159 puF

4mkf. 4w x500%10000

The elements of m-derived high pass sections can be obtained with reference to
Fig.9.25.Thus, the T-section elements are

2C  2x0.0159x10°°

= 3 = 0.0795 wF
L e Z2IERIG L -
i 0.4 =9, mH
4m 4 =<0.4
——C=———""_x0.0159%10"°% — 0.
. 1 —(0.4) 0.0302 wF

The ar-section elements are

2L _ 2x<0.0159%<10 3

723 0.4 = 19.89 mH
4m 4><0.4
——— XL =—"""_53978x10"3 = 7.
T — 'n2 l——(0.4)2 = 7.577 mH

S 0.0159X10_6 = 0.0397 wF
m 0.4 N 13 b

T and it sections of the m —derived high pass filter are shown in Fig.9.27.

7.5777 mH
0.0795 pF 0.0795 puF kit e 5
* i 1 .
A1
= 2 s
% 9.945 mH = 0.0397 pF (=
(=2 o
o <
o D
0.0302 uF - -
. s = B , -
(a) (b)



Fig.9.27

9.9 BAND PASS FILTER

As already explained in Section 9.1, a band pass filter is one which attenuates all frequencies below
a lower cut-off frequency f1 and above an upper cut-off frequency f2 . Frequencies lying between f1

and f2 comprise the pass band ,and are transmitted with zero attenuation .A band pass filter may be
obtained by using a low pass filter followed by a high pass filter in which the cut-off frequency of
the LP filter is above the cut-off frequency of the HP filter, the overlap thus allowing only a band of
frequencies to pass . This is not economical in practice; it is more economical to combine the low
and high pass functions into a single filter section .

Consider the circuit in Fig.9.28, each arm has a resonant circuit with same resonant
frequency, i.e. the resonant frequency of the series arm and the resonant frequency of the shunt
arm are made equal to obtain the band pass characteristic.

Ly Ly
2 2C4 2C4 9 C1

L s g0 il
(R doups A1
Gz —[__—- Ly Col2 L__ 2Ly Cyl2 -[ 2L,

(a)

L
T s ek

—~
=2
~—

Fig.9.28

For this condition of equal resonant frequencies.

For this condition of equal resonant frequencies.

L I :
o — = ——— for the series arm
2 2w,G
from which, ?,L,C, =1
(9.34)



and _-1— =yl for the stiunt aiin

e
from which, mf)l,zCz =]
(9.35)
DL, Cy =1= il ,C,

L Gl
(9.36)

The impedance of the series arm, Z, is given by
2 2
= j o w Ll C] — 1
Z, =|joL;, — = j| ——
; [J Ll W ] J[ wC

The impedance of the shunt arm, Z, is given by

1

vl "™
e L2 2ij2 = Jwl,
£508 =23 2
oL, 4-2bc o I=etlsc
JwC,
2 e y
s [ £BG)( ks )
wC] l““w L2C2
=L, | o*L,C, —1
Cri|l—=w?LiC,
From Eq.9.36
L,Cy = Ly,
Z\Z5 = _l’_2_=_l;l_=k2
< (&

Where k is constant. Thus, the filter is a constant k —type .Therefore, for a constant k — type in the
pass band.

el all = , and at cut-off frequency
22

Z: = —-42,Z, = —4k?



i.e. the value of Z1 at lower cut-off frequency is equal to the negative of the value of Z1 at the

upper cut-off frequency .

—_— "4 jw = —|————+4 j, L
[J'wlcl i 1[4] [J'wzcn Jws l]

1 1

L, — = —w, L
il [oo, ; wxcl] [wzcl - I]
2 G 2
Wy

(9.37)

From Eq.9.34,L1C1=1 /(.uo2

Hence Eq.9.37 may be written as

2 2
M L
2 w 2

W 2 | W,

2 2 2
(wg — w; Jw, = W, (w5 — “’g)
2 2 2
WoW); — W)W, = W;w;5 —w,wg
(.01(1)2 (0.)2 —+- (.l.)l )

W, @,

w(z) (@, +w,)

2
Wy

JSo =~NS>

(9.38)
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Fig.9.29

Thus, the resonant frequency is the geometric mean of the cut-off frequencies.
The variation of the reactances with respect to frequency is shown in Fig.9.29.

If the filter is terminated in a load resistance R = K, then at the lower cut-off frequency.

1
—— + Jo Ly | = —27
[.l"-UICI b “Jf
. y £ 2k
L Carg £
A 144

Since L Cyras Lz
4 0
Y e %‘ —— 2A’w'C|
Wy
.| %D
J
o 1— [ﬁ] = 4wkf,C,
1 ‘/;2

5 T Arkf, C, C. Jo =~NS3)

Jo S = Awkfy /,C,

o Lo
Aarkf, /5
(9.39)
3 1
Since LiC =—
W
_ .1 4AwkL /),
g WIC wgCh = 1)
o0& ol/2 —
L, = ——k——*

(9.40)



To evaluate the values for the shunt arm, consider the equation

ZIZZ == é'zl :—(l—;l;:kz
I - O e SRS IE

C anhi f,

(9.41)
1

and Cy= ﬁz Ha Ny S

k* w(f,—f)k
(9.42)

Equations 9.39 through 9.42 are the design equations of a prototype band pass filter. T he
variation of a, B with respect to frequency is shown in Fig.9.30 .

—_— R
—TR

i fo f2 SOl
Fig.9.30
Example 9.5.

Design k —type band pass filter having a design impedance of 500 Q and
cut-off frequencies 1 kHz and 10 kHz.

Solution .
=500 Q; f1 =1000 Hz; f = 10000 Hz
From Eq.9.40,

£ 200 23.09 mH = 16.68 mH

T w(f,—f,) w9000

i

From Eq.9.39,

INY Ve 0 9000 S
YU dmkf f,  4xmwx500%1000%10000

43 uF



From Eq.9.41,
L, = C/}* =357 mH
From Eq.9.42,
C, = A 0.0707 wF
2
k
Each of the two series arms of the constant k, T—section filter is given by

L ,
2 _179% _gg4mn
2 2

2C, =2 X 0.143 = 0.286 pF
And the shunt arm elements of the network are given by
C, = 0.0707 wF and L, = 3.57 mH
For the constant-4, 7t section filter the elements of the series arm are
C, =0.143 pF and L, = 16.68 mH
The elements of the shunt arms are

C, 0.0707
2

— 0.035 uF

2L, = 2 X 0.0358 = 0.0716 H

9.10 BAND ELIMINATION FILTER

A band elimination filter is one which passes without attenuation all frequencies less than the
lower cut-off frequency f1, and greater than the upper cut-off frequency f2 . Frequencies lying

between f1 and f> are attenuated. It is also known as band stop filter. Therefore, a band stop filter
can be realized by connecting a low pass filter in parallel with a high pass section, in which the
cut-off frequency of low pass filter is below that of a high pass filter. The configurations of Tand nt
constant k band stop sections are shown in Fig.9.31. The band elimination filter is designed in the
same manner as is the band pass filter.



L4/2 L4/2 L4

i TR = — 00 ) B0 )
el | e il
2C; Lo 2C,4 2L, Cq 2o
T Cy T Cy/2 i Co/2
(a) (b)
Fig.9.31

As for the band pass filter, the series and shunt arms are chosen to resonate at the same
frequency w o. Therefore, from Fig.9.31 (a) , for the condition of equal resonant frequencies

L 1 ;
P01 for the series arm
2 2wy Cy
1
or u_)g . —
Ll(’l
(9.43)
wol, = Thid e for the shunt arm
woc'z
1
2 T ee——
-l e
(9.44)
5 o e i L
Ve I5Cs
Thus L,C, = L,C,
(9.45)
It can be also verified that
2,2, = 2 = 2 =k
, C,
(9.46)
(9.47)

At cut-off frequencies, Z1=- 422

Multiplying both sides with Z, , we get



(9.48)

If the load is terminated in a load resistance, R = k, then at lower cut-off frequency

. k
22—./[ “wll’z]:j—
w, 5 2
1 k
w, wll’z_i
k
L Czlq—‘”lczg
From Eq.9.44,
1
L,C; = =53
Wg
2
w; k
—— = —w,C
m(z, 2“’| 2
7 2
l-—[#] = ki Co
2 k-nfl [
Since Jo = NS>
C = E-1]
kar h J>
S 'fz_—f.]
kar NS>
(9.49)
From Eq.9.44,
o= —
1,C5
1 awkf, f-
Lz il ase 172

®iC, @IS — 1)
Since Jo =~ NS>

h - k
2 an(f5 — )

(9.50)



Also from Eq. 9.46,

kzzﬁ_:_lg
G G

L]:kzcvzz_[ [ S
w

(9.51)

~ amk(fy — 1))

Z4
Pass
Attenuation Pass
i fo f2//,_, =y
— a4z,
Fig.9.32

The variation of reactances with respect to frequency is shown in Fig.9.32. Equation 9.49
through Eq.9.52 is the design equations of a prototype band elimination filter. The variation of a,8
with respect to frequency is shown in Fig.9.33 .
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Example 9.6.

Design a band elimination filter having a design impedance of 600 Q and cut-off
frequencies f1 = 2 kHz and f2 = 6 kHz.

Solution. (f2 —f1) = 4 kHz

Making use of the Eqs.9.49 through 9.52 in Section 9.10, we have







